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THE LOCAL THETA CORRESPONDENCE AND THE LOCAL GAN–GROSS–PRASAD
CONJECTURE FOR THE SYMPLECTIC-METAPLECTIC CASE
HIRAKU ATOBE
Abstract. We prove the local Gan–Gross–Prasad conjecture for the symplectic-metaplectic case under some
assumptions. This is the last case of the local Gan–Gross–Prasad conjectures which has not been established.
We also prove two of Prasad’s conjectures on the local theta correspondence in the almost equal rank case.
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1. Introduction
In [21, 22], Gross and Prasad studied a restriction problem for special orthogonal groups over a local field
and gave a precise conjecture. They and Gan ([12, 13]) extended this conjecture to classical groups, which are
called the local Gan–Gross–Prasad conjectures (GGP). These conjectures consist of four cases; the orthogonal,
hermitian, symplectic-metaplectic and skew-hermitian cases. The orthogonal, hermitian and skew-hermitian
cases were proven by Waldspurger [47, 48, 50, 51] and Mœglin–Waldspurger [35], Bezuart-Plessis [8, 9, 10]
and Gan–Ichino [15], respectively.
In this paper, we consider the orthogonal and the symplectic-metaplectic cases. Let F be a non-archimedean
local field of characteristic zero. We denote by (Vm+1, 〈·, ·〉Vm+1) (resp. (W2n, 〈·, ·〉W2n)) an orthogonal space
of dimension m + 1 (resp. a symplectic space of dimension 2n). Let Vm ⊂ Vm+1 be a non-degenerate sub-
space of codimension 1, so that we have a natural inclusion SO(Vm) →֒ SO(Vm+1). We let S˜p(W2n) be the
metaplectic group, i.e., the unique non-split central extension of Sp(W2n):
1 −−−−→ {±1} −−−−→ S˜p(W2n) −−−−→ Sp(W2n) −−−−→ 1.
In particular, we have a diagonal embedding
∆: SO(Vm) →֒ SO(Vm)× SO(Vm+1)
and a natural map
∆: S˜p(W2n)→ S˜p(W2n)× Sp(W2n),
where the first factor is the identity map and the second factor is the projection map.
In the orthogonal case, for an irreducible smooth representation σ of SO(Vm)×SO(Vm+1), one is interested
in determining
dimC(Hom∆SO(Vm)(σ,C)).
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We shall call this the Bessel case (B) of the GGP conjecture. On the other hand, we fix a non-trivial additive
character ψ of F , and let ωψ be a Weil representation of S˜p(W2n), which is given by the Heisenberg group
associated to the symplectic space (W2n, 2〈·, ·〉W2n). In the symplectic-metaplectic case, for an irreducible
genuine smooth representation π of S˜p(W2n)× Sp(W2n), one is interested in determining
dimC(Hom∆S˜p(W2n)(π ⊗ ωψ,C)).
We shall call this the Fourier–Jacobi case (FJ) of the GGP conjecture.
By results of Aizenbud–Gourevitch–Rallis–Schiffmann [1], Waldspurger [49] and Sun [41], it is known that
the above Hom spaces have dimension at most 1. Hence, the main problems are to determine when the
Hom spaces are nonzero. In [12], an answer for these problems is formulated in the framework of the local
Langlands correspondence in a form proposed by Vogan [45], which treats the irreducible representations of
all pure inner forms simultaneously.
More precisely, a pure inner form of SO(Vm) is simply a group of the form SO(V
′
m), where V
′
m is an
orthogonal space with the same dimension and discriminant as Vm. Hence, a pure inner form of SO(Vm) ×
SO(Vm+1) is a group of the form
SO(V ′m)× SO(V ′m+1).
Wa say that this pure inner form is relevant if V ′m ⊂ V ′m+1 and V ′m+1/V ′m ∼= Vm+1/Vm as orthogonal spaces.
In this case, we have a diagonal embedding
∆: SO(V ′m) →֒ SO(V ′m)× SO(V ′m+1).
On the other hand, S˜p(W2n)× Sp(W2n) has no non-trivial pure inner forms.
Let G = SO(Vm)× SO(Vm+1) or G = S˜p(W2n)× Sp(W2n). For an L-parameter φ of G, we should obtain
a Vogan L-packet Πφ consisting of certain irreducible smooth representations of G and its (not necessarily
relevant) pure inner forms G′. Here, to parametrize irreducible genuine representations of S˜p(W2n), we use
the theta correspondence for (S˜p(W2n),O(V2n+1)). Hence, by an L-parameter of S˜p(W2n), we mean one of
SO(V2n+1), i.e., a symplectic representation
φM : WDF → Sp(M)
of the Weil–Deligne groupWDF of F with dimC(M) = 2n. Moreover, for a fixed Whittaker datum w = (B, µ)
of G, which is a conjugacy class of a pair of an F -rational Borel subgroup B = TU of G and a generic character
µ of the unipotent radical U(F ) of B(F ), there exists a natural bijection
ιw : Πφ → Irr(π0(Sφ)),
where we put Sφ = Cent(Im(φ), Ĝ). For η ∈ Irr(π0(Sφ)), we write π(η) = ι−1w (η).
The local Langlands conjecture has been established for quasi-split symplectic and special orthogonal
groups by Arthur [2] under an assumption on the stabilization of the twisted trace formula. For this assump-
tion, see also two books of Mœglin–Waldspurger [36]. In [16], Gan–Savin gave a parametrization (depending
on the choice of a non-trivial additive character ψ of F ) of irreducible genuine representations of S˜p(W2n) by
using the theta correspondence and the local Langlands correspondence for SO(V2n+1).
The GGP conjectures can be roughly stated as follows:
Conjecture 1.1 (B). Let G = SO(Vm)× SO(Vm+1).
(1) Given a generic L-parameter φ of G, there exists a unique representation π(η) ∈ Πφ such that
π(η) is a representation of a relevant pure inner form G′ = SO(V ′m) × SO(V ′m+1) and such that
Hom∆SO(V ′m)(π(η),C) 6= 0;
(2) There is a precise recipe for the unique character η.
Conjecture 1.2 (FJ). Let G = S˜p(W2n)× Sp(W2n) and fix a non-trivial additive character ψ of F .
(1) Given a generic L-parameter φ of G, there exists a unique representation π(η) ∈ Πφ such that
Hom∆S˜p(W2n)(π(η)⊗ ωψ,C) 6= 0;
(2) There is a precise recipe for the unique character η.
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In §4, we will recall the recipes for the unique characters. Waldspurger [47, 48, 50, 51] showed the
orthogonal case for tempered L-parameters, and Mœglin–Waldspurger [35] extended this result for generic
L-parameters.
In fact, there are GGP conjectures in general codimension cases (Conjectures 17.1 and 17.3 in [12]).
However, [12, Theorem 19.1] says that the general codimension cases follow from the basic cases (B) and
(FJ). Hence we consider only the basic cases in this paper.
The purpose of this paper is to establish the symplectic-metaplectic case (FJ), as well as two conjectures
of D. Prasad concerning local theta correspondence in almost equal rank cases. To do these, we use:
(LLC) the local Langlands correspondence for symplectic groups and special orthogonal groups in a form
proposed by Vogan (see §3);
(GPR) a conjecture of Gross–Prasad and Rallis, which characterizes the generic L-parameters in terms of
the local adjoint L-function (see §3.2);
(B) the works of Waldspurger [47, 48, 50, 51] and Mœglin–Waldspurger [35] on the Bessel case of the
GGP conjecture (see §4.1);
(NQ) a property of the local Langlands correspondence for non-quasi-split special orthogonal groups (see
§6.3);
In this paper, we show the following:
Theorem 1.3. Assume (LLC), (GPR) and (B). Let φ and φ˜ be generic L-parameters of Sp(W2n) and
S˜p(W2n), respectively.
(1) If φ and φ˜ are tempered, then (FJ) is true for φ× φ˜.
(2) If we further assume (NQ) and that there exists a quadratic character χ of F× such that the local
L-function L(s, φ⊗ χ) is regular at s = 1, then (FJ) is true for φ× φ˜.
The argument in the proof of [12, Theorem 19.1] works when we restrict to the above cases respectively.
Namely, we can deduce the following corollary from Theorem 1.3.
Corollary 1.4. Under the same assumptions as Theorem 1.3, Conjectures 17.1 and 17.3 in [12] are true.
We have some remarks on these assumptions. The recent result of Arthur [2], (LLC) for quasi-split
symplectic and special orthogonal groups is almost completely known. For any quasi-split connected reductive
groups, (GPR) has been established in [15, Appendix B]. The property (NQ) is an intertwining relation for
non-quasi-split special orthogonal groups. For quasi-split orthogonal groups and symplectic groups, the
intertwining relation easily follows from results of Arthur [2].
We describe the main idea of the proof of Theorem 1.3. The method is analogous to the work of Gan–
Ichino [15]. As in that paper, by the local theta correspondence, the Bessel and the Fourier–Jacobi cases of
GGP conjectures are related. More precisely, there exists a see-saw diagram
S˜p(W2n)×{±1} S˜p(W2n) O(V2n+2)
Sp(W2n)
❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
O(V2n+1)×O(V1)
❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱
with disc(V1) = −1, and the associated see-saw identity holds:
HomSp(W2n)(Θψ,V2n+1,W2n(τ)⊗ ω−ψ, π) ∼= HomO(V2n+1)(Θψ,V2n+2,W2n(π), τ)
for irreducible smooth representations π of Sp(W2n) and τ of O(V2n+1). The left-hand side of the see-saw
identity is related to the Fourier–Jacobi case (FJ), whereas the right-hand side is related to the Bessel case
(B). Therefore, if we knew the local theta correspondence for (Sp(W2n),O(V2n+2)) and (O(V2n+1), S˜p(W2n))
explicitly, then the see-saw identity would give the precise relation of (FJ) and (B).
More precisely, one considers the following statements:
(Θ) If φπ (resp. φτ ) is a generic L-parameter of Sp(W2n) (resp. SO(V2n+1)) and π ∈ Πφpi (resp. τ ∈ Πτ ),
then the big theta lift Θψ,V2n+2,W2n(π) (resp. Θψ,V2n+1,W2n(τ)) is irreducible (if it is nonzero).
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(Mp) If τ |SO(V2n+1) has parameter (φτ , ητ ) and θψ,V2n+1,W2n(τ) has parameter (φ˜, η˜), then (φ˜, η˜) can be
described in terms of (φτ , ητ ) explicitly.
(P1) Likewise, if π has parameter (φπ, ηπ) and σ := θψ,V2n+2,W2n(π)|SO(V2n+2) has parameter (φσ, ησ),
then (φσ , ησ) can be described in terms of (φπ , ηπ) explicitly.
(G) If φπ and φ˜ are generic parameters, then so are φσ and φτ .
Note that these statements are not true in general. See Propositions 1.5 and 1.6 below.
The statement (G) is needed to use the Bessel case (B). For φ˜, by definition of generic parameters for
S˜p(W2n), the statement (G) is true. (See §3.6.) However, (G) is not always true for φπ . The last assumption
in Theorem 1.3 (2) implies (G) for φπ . More precisely, by using (GPR) for Sp(W2n) and SO(V2n+2), we have
the following:
Proposition 1.5 (Lemma 5.1). Let φπ be a generic L-parameter of Sp(W2n) and χ be the discriminant
character of V2n+2. Then the L-parameter φσ of SO(V2n+2) given by φπ is generic if and only if the local
L-function L(s, φπ ⊗ χ) is regular at s = 1.
In particular, if φπ is tempered, then φσ is generic. Indeed, φσ is also tempered.
In [37], D. Prasad has formulated a precise conjecture regarding (P1). He also has formulated one regarding
(P2) as follows:
(P2) Let σ˜ be an irreducible representation of O(V2n). If an irreducible constituent of σ := σ˜|SO(V2n)
has parameter (φσ, ησ) and θψ,V2n+1,W2n(σ˜) has parameter (φπ , ηπ), then (φπ , ηπ) can be described
in terms of (φσ, ησ) explicitly.
We shall also denote by (weak P1) (resp. (weak P2)) the part of Conjecture (P1) (resp. (P2)) concerning
only the correspondence of L-parameters.
Proposition 1.6. We have the following:
(1) ([16, Theorem 8.1 (ii)] and [14, Proposition C.4 (i)]) The statement (Θ) holds for tempered parame-
ters.
(2) ([14, Proposition C.4 (ii)] + [35, p. 40 The´ore`me (i)]) If φσ is generic, then (Θ) holds for φπ.
(3) ([16, Theorem 8.1 (iii)] and Lemma 3.14) If φτ is generic, then (Θ) for φτ .
(4) ([16, Corollary 1.2] and [14, Theorem C.5]) The statements (Mp), (weak P1) and (weak P2) hold.
Using the see-saw identity above and Proposition 1.6, we reduce Theorem 1.3 and (P2) to Conjecture (P1)
and (B). In view of results of Waldspurger [47, 48, 50, 51] and Mœglin–Waldspurger [35], it is enough to show
the statement (P1). Finally, we show that:
Theorem 1.7. Conjecture (P1) holds.
In [15], Gan–Ichino proved Prasad’s conjecture for unitary dual pairs, and conclude the GGP conjecture
for the skew-hermitian case. The proof of Prasad’s conjecture for unitary dual pairs (for tempered case) is
an induction on the dimension of hermitian spaces, which consists of two steps; a global argument with using
Arthur’s multiplicity formula, and a local argument with using intertwining relations. The use of Arthur’s
multiplicity formula is the main novelty of that paper. Of course, one can prove (P1) by a similar way, but
the global argument is so difficult for several reasons. In this paper, we prove (P1) by a new method not
using global arguments but using only a local argument. It makes the proof of (P1) much easier.
The proof of (P1) for tempered parameters in this paper is as follows: For given tempered π, σ =
θψ,V2n+2,W2n(π) 6= 0 and a semi-simple element a ∈ Sφpi , consider a suitable irreducible tempered representa-
tion τa of GLk(F ) and the induced representations
πa = Ind
Sp(W2n+2k)
Q (τaχV ⊗ π) and σa = IndO(V2n+2+2k)P (τa ⊗ σ).
One can show that:
• πa and σa are irreducible;
• σa = θψ,V2n+2+2k,W2n+2k(πa);
• πa has parameter (φ′π, η′π) with π0(Sφ′pi ) ⊃ π0(Sφpi ) and η′π|π0(Sφpi) = ηπ ;• σa|SO(V2n+2+2k) has parameter (φ′σ, η′σ) with π0(Sφ′σ) ⊃ π0(Sφσ ) and η′σ|π0(Sφσ) = ησ.
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Finally, we obtain a relation between η′σ and η
′
π by using the intertwining relations of πa and σa. Since
a ∈ Sφpi is arbitrary, we can describe ησ in terms of ηπ explicitly. Conjecture (P1) for general parameters
follows from that for tempered parameters by [14, Proposition C.4].
In the proof of Prasad’s conjecture, we need to know ιw0 ◦ι−1w for two Whittaker data w and w0 of Sp(W2n)
or SO(V2n+2). By Kaletha [25], it is known for the local Langlands correspondence for quasi-split symplectic
and special orthogonal groups. However, in the local Langlands correspondence proposed by Vogan, certain
issues arise.
We explain these issues in more general setting. Let G be a quasi-split connected reductive group over a
non-archimedean local field F of characteristic zero. A pure inner twist of G is a pair (G′, ψ, z), where G′ is
an algebraic group over F , z ∈ Z1(F,G) is a 1-cocycle, and
ψ : G→ G′
is an isomorphism over F such that ψ−1 ◦ σ(ψ) = Int(zσ) for any σ ∈ Gal(F/F ). We call such a G′ a pure
inner form of G. In contrast to inner forms, G′ may be also quasi-split over F even if the pure inner twist is
non-trivial. For example, if V2n is an orthogonal space with non-trivial discriminant, then SO(V2n) has two
pure inner forms both of which are quasi-split. Note that in this situation, G and G′ are isomorphic over F .
Hence we may regard an L-parameter φ of G as an L-parameter φ′ of G′, and so that we should obtain two
Vogan L-packets Πφ of G and Πφ′ of G
′, respectively. These are subsets of the same set ⊔G1Irr(G1(F )), where
G1 runs over pure inner forms of G (hence of G
′). Do these two L-packets coincide? If so, for Whittaker
data w and w′ for G and G′, respectively, what is the map
Irr(π0(Sφ))
ι−1
w−−→ Πφ = Πφ′ ιw′−−→ Irr(π0(Sφ))?
Note that Kaletha’s result is the case when G′ = G, but the problems we need to know are the case when G′
is not necessarily the trivial pure inner form of G. In Appendix A, we will give an answer in a special case.
In Appendix B, we show two results on representations of metaplectic groups. The one is an analogue of a
conjecture of Gross–Prasad and Rallis (Theorem 3.11). The other is a sufficient condition for the irreducibility
of standard modules (Theorem 3.13).
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tions. Thanks are also due to the referees for helpful comments. This work was supported by the Foundation
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Notations. Let F be a non-archimedean local field with characteristic zero, oF be the ring of integers of F ,
̟ be a uniformizer, q be the number of elements in the residue class field oF /̟oF and | · |F be the normalized
absolute value on F so that |̟|F = q−1. We denote by Γ, WF andWDF =WF ×SL2(C) the absolute Galois,
Weil and Weil–Deligne groups of F , respectively. Fix a non-trivial additive character ψ of F . For c ∈ F×,
we define an additive character ψc or cψ of F by
ψc(x) = cψ(x) = ψ(cx).
Moreover we set χc = (·, c) to be the quadratic character of F× associated to c ∈ F×/F×2. Here, (·, ·) is
the quadratic Hilbert symbol of F . For a totally disconnected locally compact group G, we denote the set of
equivalence classes of irreducible smooth representations of G by Irr(G). If G is the group of F -points of a
linear algebraic group over F , we denote by Irrtemp(G) the subset of Irr(G) of classes of irreducible tempered
representations. As a representation of G (or its double cover), we use the symbol π, π˜, σ, σ˜ or τ . The
contragredient representation of π is denoted by π∨. One should not confuse π˜ with π∨. For a topological
group H , we define the component group of H by π0(H) = H/H
◦, where H◦ is the identity component of
H . The Pontryagin dual (i.e., the character group) of a finite abelian group A is denoted by AD or Â.
2. Preliminaries
In this section, we recall some notions.
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2.1. Whittaker data. Let G be a quasi-split connected reductive group over F and B = TU be an F -
rational Borel subgroup of G, where T is a maximal F -torus and U is the unipotent radical of B. We denote
the center of G by Z. We call a character µ of U(F ) generic if its stabilizer in T (F ) is equal to Z(F ). A
Whittaker datum of G is a conjugacy class of a pair w = (B, µ), where B = TU is an F -rational Borel
subgroup of G and µ is a generic character of U(F ). We say that π ∈ Irr(G(F )) is w-generic if
HomU(F )(π, µ) 6= 0.
If π is w-generic for some Whittaker datum w of G, then we say that π is generic.
2.2. Orthogonal spaces. Let V = Vm be an orthogonal space of dimension m over F , i.e., a vector space
equipped with a non-degenerate symmetric bilinear form
〈·, ·〉V : V × V → F.
We take a basis {e1, . . . , em} of V , and define the discriminant of an orthogonal space V by
disc(V ) = disc(V, 〈·, ·〉V ) = 2−m(−1)
m(m−1)
2 det((〈ei, ej〉V )i,j) mod F×2 ∈ F×/F×2.
Note that this differs from disc(V, q) as in [12, p. 41], which is not used in this paper. Let χV = (·, disc(V ))
be the character of F× associated with F (
√
disc(V ))/F . We call χV the discriminant character of V .
We denote the anisotropic kernel of V by Van. The special orthogonal group SO(V ) is quasi-split if and
only if dim(Van) ≤ 2. In this case, we choose a subset {vi, v∗i |i = 1, . . . , n} of V such that
〈vi, vj〉V = 〈v∗i , v∗j 〉V = 0, 〈vi, v∗j 〉V = δi,j ,
where n is the integer such that m = 2n+ 1 or m = 2n+ 2. We set
Xk = Fv1 + · · ·+ Fvk and X∗k = Fv∗1 + · · ·+ Fv∗k
for 1 ≤ k ≤ n. Let Vm−2n be the orthogonal complement of Xn ⊕X∗n in V , so that Vm−2n is an orthogonal
space of dimensional m− 2n. We denote by B = TU the F -rational Borel subgroup of SO(V ) stabilizing the
complete flag
0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ · · · ⊂ 〈v1, . . . , vn〉 = Xn,
where T is the F -rational torus stabilizing the lines Fvi for i = 1, . . . , n.
If m = 2n+1, then there is a unique T -orbit of generic characters of U . Let V1 = Fe. We choose a generic
character µ of U such that
µ(u) = ψ(〈uv2, v∗1〉V + · · ·+ 〈uvn, v∗n−1〉V + 〈ue, v∗n〉V )
for u ∈ U . We define a Whittaker datum w of SO(V ) by w = (B, µ).
Next, we suppose that m = 2n+ 2 and SO(V ) is quasi-split. Then there exist c, d ∈ F× such that
V2 ∼= F [X ]/(X2 − d)
as vector spaces, and the pairing of V2 is given by
(α, β) 7→ 〈α, β〉V2 := c · tr(αβ),
where β 7→ β is the involution on F [X ]/(X2 − d) induced by a+ bX 7→ a− bX . In this case, we say that V
is type (d, c). Note that disc(V ) = d mod F×2. If V is type (d, c), then we can take e, e′ ∈ V2 such that
〈e, e〉V = 2c, 〈e′, e′〉V = −2cd and 〈e, e′〉V = 0.
Then we define a generic character µc of U by
µc(u) = ψ(〈uv2, v∗1〉V + · · ·+ 〈uvn, v∗n−1〉V + 〈ue, v∗n〉V ).
By [12, §12], the map c′ 7→ µc′ gives a bijection (not depending on ψ)
cNE/F (E
×)/F×2 → {T -orbits of generic characters of U},
where E = F (
√
d). Note that V is both type (d, c) and (d, c′) if and only if c′ ∈ cNE/F (E×). We define a
Whittaker datum of SO(V ) by wc = (B, µc). Note that wc does not depend on the choice of ψ.
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2.3. Symplectic spaces. Let W = W2n be a symplectic space of dimension 2n over F , i.e., a vector space
equipped with a non-degenerate symplectic form
〈·, ·〉W : W ×W → F.
The symplectic group Sp(W ) is a split algebraic group over F . We choose a basis {wi, w∗i |i = 1, . . . , n} of W
such that
〈wi, wj〉W = 〈w∗i , w∗j 〉W = 0, 〈wi, w∗j 〉W = δi,j .
We set
Yk = Fw1 + · · ·+ Fwk and Y ∗k = Fw∗1 + · · ·+ Fw∗k.
Let B′ = T ′U ′ be the F -rational Borel subgroup of Sp(W ) stabilizing the complete flag
0 ⊂ 〈w1〉 ⊂ 〈w1, w2〉 ⊂ · · · ⊂ 〈w1, . . . , wn〉 = Yn,
where T ′ is the F -split torus stabilizing the lines Fwi for i = 1, . . . , n. For c ∈ F×, we define a generic
character µ′c of U
′ by
µ′c(u
′) = ψ(〈u′w2, w∗1〉W + · · ·+ 〈u′wn, w∗n−1〉W + c〈u′w∗n, w∗n〉W ).
By [12, §12], the map c 7→ µ′c gives a bijection (depending on ψ)
F×/F×2 → {T ′-orbits of generic characters of U ′}.
We define a Whittaker datum of Sp(W ) by w′c = (B
′, µ′c). We emphasize that w
′
c depends on ψ.
2.4. Parabolic subgroups. Fix a positive integer k. Let V ′ = V2m′ be an orthogonal space with dim(V
′) =
2m′ = 2m + 2k and type (d, c). We set X = Xk and X
∗ = X∗k . Let V be the orthogonal complement of
X ⊕ X∗ in V ′, so that V is an orthogonal space of dimensional 2m over F . Let P = Pk = MPUP be the
maximal parabolic subgroup of O(V ′) stabilizing X , where MP is the Levi component of P stabilizing X
∗.
We have
MP = {mP (a) · h | a ∈ GL(X), h ∈ O(V )},
UP = {uP (b) · uP (c) | b ∈ Hom(V,X), c ∈ Sym(X∗, X)},
where
mP (a) =
a 1V
(a∗)−1
 , uP (b) =
1X b − 12bb∗1V −b∗
1X∗
 , uP (c) =
1X c1V
1X∗

and
Sym(X∗, X) = {c ∈ Hom(X∗, X) | c∗ = −c}.
Here, the elements a∗ ∈ GL(X∗), b∗ ∈ Hom(X∗, V ), and c∗ ∈ Hom(X∗, X) are defined by requiring that
〈ax, x′〉V ′ = 〈x, a∗x′〉V ′ , 〈bv, x′〉V ′ = 〈v, b∗x′〉V ′ , 〈cx′, x′′〉V ′ = 〈x′, c∗x′′〉V ′
for x ∈ X , x′, x′′ ∈ X∗ and v ∈ V . Let P ◦ = P ∩ SO(V ′) and M◦P = MP ∩ SO(V ′), so that M◦P ∼=
GL(X)× SO(V ). We put
ρP =
2m+ k − 1
2
, wP =
 −IX1V
−I−1X
 ,
where IX ∈ Hom(X∗, X) is defined by IXv∗i = vi for 1 ≤ i ≤ k. Then the modulus character δP of P is given
by
δP (mP (a)huP ) = | det(a)|2ρPF
for a ∈ GL(X), h ∈ O(V ) and uP ∈ UP .
8 HIRAKU ATOBE
Similarly, for a fixed positive integer k, we let W ′ = W2n′ be a symplectic space with dim(W
′) = 2n′ =
2n+ 2k and we set Y = Yk and Y
∗ = Y ∗k . We define W with dim(W ) = 2n, Q =MQUQ ⊂ Sp(W ′), mQ(a),
uQ(b), uQ(c), Sym(Y
∗, Y ) = {c ∈ Hom(Y ∗, Y ) | c∗ = −c} and IY as above. We put
ρQ =
2n+ k + 1
2
, wQ =
 −IY1W
I−1Y
 .
Then the modulus character δQ of Q is given by
δQ(mQ(a
′)guQ) = | det(a)|2ρQF
for a′ ∈ GL(Y ′), g ∈ Sp(W ) and uQ ∈ UQ.
2.5. Representations of SO(V ) and O(V ). Let V = Vm be an orthogonal space over F of dimension m. In
this subsection, we recall some results about representations of SO(V ) and O(V ). Note that any irreducible
representation of O(V ) is self-dual by a result in [34, Chapter 4. II. 1]. We fix ε ∈ O(V ) \ SO(V ).
First we assume that m = 2n+ 1 is odd. Then we can take ε in the center of O(V ) and we have
O(V ) = SO(V )× 〈ε〉.
Hence, if σ˜ ∈ Irr(O(V )), then σ˜|SO(V ) is also irreducible. Moreover for σ ∈ Irr(SO(V )), there are exactly
two extensions of σ to O(V ). In particular, σ is self-dual.
Next we assume that m = 2n is even. For σ ∈ Irr(SO(V )), we denote by σε the representation given by
conjugating σ by ε. The next proposition follows from the Clifford theory (e.g., see [5, Lemma 4.1]).
Proposition 2.1. (1) For σ ∈ Irr(SO(V )), the following are equivalent:
• σε ∼= σ;
• there exists σ˜ ∈ Irr(O(V )) such that σ˜|SO(V ) ∼= σ;
• the induction IndO(V )SO(V )(σ) is reducible;
• IndO(V )SO(V )(σ) ∼= σ˜ ⊕ (σ˜ ⊗ det) for any σ˜ ∈ Irr(O(V )) with σ˜|SO(V ) ∼= σ.
(2) For σ˜ ∈ Irr(O(V )), the following are equivalent:
• σ˜ ⊗ det ∼= σ˜;
• there exists σ ∈ Irr(SO(V )) such that IndO(V )SO(V )(σ) ∼= σ˜;
• the restriction σ˜|SO(V ) is reducible;
• σ˜|SO(V ) ∼= σ ⊕ σε for any σ ∈ Irr(SO(V )) with IndO(V )SO(V )(σ) ∼= σ˜.
If σ ∈ Irr(SO(V )) satisfies the conditions of Proposition 2.1 (1), we say that σ is ε-invariant. We summarize
these results in Table 1 below.
Table 1.
σ ε-invariant not ε-invariant
σε σ ∼= σε σ 6∼= σε
Ind
O(V )
SO(V )(σ) σ˜ ⊕ (σ˜ ⊗ det) irreducible
σ˜|SO(V ) = σ exists not exist
Since any irreducible representation of O(V ) is self-dual, for σ ∈ Irr(SO(V )), we have
σ∨ ∼= σ or σ∨ ∼= σε.
More precisely, we have the following proposition.
Proposition 2.2. Let σ ∈ Irr(SO(V )). Then we have
σ∨ ∼=
{
σ if dim(V ) ≡ 0 mod 4,
σε if dim(V ) ≡ 2 mod 4.
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Proof. See [22, Proposition 5.3]. 
The group O(V ) acts on Irr(SO(V )) by conjugation.
Lemma 2.3. Let n > 0 and V = V2n be an orthogonal space.
(1) For (σ,Vσ) ∈ Irr(SO(V )) and ε ∈ O(V ) \ SO(V ), we have
Ind
O(V )
SO(V )(σ)
∼= IndO(V )SO(V )(σε).
(2) We put V ′ = X1 + V + X
∗
1 with dim(V
′) = 2n + 2. Let P = P1 = MPUP ⊂ O(V ′) be a parabolic
subgroup with MP ∼= GL1(F )×O(V ). Then for σ ∈ Irrtemp(SO(V )), ε ∈ O(V )\SO(V ) and a unitary
character χ of F× = GL1(F ), we have
Ind
SO(V ′)
P◦ (χ⊗ σ) ∼= IndSO(V
′)
P◦ (χ
−1 ⊗ σε).
(3) For k > 0, we put V ′ = Xk + V +X
∗
k . Let P = Pk = MPUP ⊂ O(V ′) be a parabolic subgroup with
MP ∼= GL(Xk) × O(V ). Fix τ ∈ Irr(GL(Xk)) and σ˜ ∈ Irr(O(V )). Assume that σ := σ˜|SO(V ) is
irreducible. Then there is a canonical isomorphism
Ind
O(V ′)
P (τ ⊗ σ˜)|SO(V ′) ∼= IndSO(V
′)
P◦ (τ ⊗ σ).
of representations of SO(V ′).
Proof. (1) The induced representation Ind
O(V )
SO(V )(σ) can be realized on
Xσ := {f : O(V )→ Vσ smooth | f(hg) = σ(h)f(g) for any h ∈ SO(V ), g ∈ O(V )}
by (g · f)(x) = f(xg). Then the map
f 7→ [x 7→ f(ε−1x)]
gives an isomorphism Xσ → Xσε .
(2) Note that Ind
SO(V ′)
P◦ (χ⊗ σ) is a direct sum of irreducible representations of SO(V ′). In particular, we
have
Ind
SO(V ′)
P◦ (χ⊗ σ)∨ ∼=
 Ind
SO(V ′)
P◦ (χ⊗ σ)ǫ ∼= IndSO(V
′)
P◦ (χ⊗ σǫ) if dim(V ) ≡ 0 mod 4,
Ind
SO(V ′)
P◦ (χ⊗ σ) if dim(V ) ≡ 2 mod 4
by Proposition 2.2. Again, by the same proposition, we have
Ind
SO(V ′)
P◦ (χ
−1 ⊗ σ∨) ∼=
 Ind
SO(V ′)
P◦ (χ
−1 ⊗ σ) if dim(V ) ≡ 0 mod 4,
Ind
SO(V ′)
P◦ (χ
−1 ⊗ σǫ) if dim(V ) ≡ 2 mod 4.
Hence the assertion follows that
Ind
SO(V ′)
P◦ (χ⊗ σ)∨ ∼= IndSO(V
′)
P◦ (χ
−1 ⊗ σ∨).
(3) The representation Ind
O(V ′)
P (τ ⊗ σ˜) can be realized on a space of smooth functions f on O(V ′). The
map f 7→ f |SO(V ′) gives a desired isomorphism. 
We define equivalent relations ∼det on Irr(O(V )) and ∼ε on Irr(SO(V )) by
σ˜ ∼det σ˜ ⊗ det and σ ∼ε σε
for σ˜ ∈ Irr(O(V )) and σ ∈ Irr(SO(V )). Note that σ˜|SO(V ) ∼= (σ˜ ⊗ det)|SO(V ) and IndO(V )SO(V )(σ) ∼=
Ind
O(V )
SO(V )(σ
ε). Hence, by Proposition 2.1, the restriction and the induction give a canonical bijection
Irr(O(V ))/ ∼det←→ Irr(SO(V ))/∼ε.
For σ ∈ Irr(SO(V )), we denote the equivalence class of σ by
[σ] = {σ, σε} ∈ Irr(SO(V ))/∼ε.
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2.6. Theta lifts. We introduce the local theta correspondence induced by a Weil representation ωψ,V,W of
Sp(W )×O(V ) when dim(W ) = 2n and dim(V ) = 2m, and recall some basic general results.
We fix a non-trivial additive character ψ of F . Let W = W2n and V = V2m. We denote a Weil represen-
tation of Sp(W )×O(V ) by ω = ωψ,V,W . For π ∈ Irr(Sp(W )), the maximal π-isotypic quotient of ω is of the
form
π ⊠Θ(π),
where Θ(π) = Θψ,V,W (π) is a smooth finite length representation of O(V ). Hence, there exists an exact
sequence of Sp(W )×O(V )-modules:
1 −−−−→ S[π] −−−−→ ω −−−−→ π ⊠ Θ(π) −−−−→ 1,
where the kernel S[π] is given by
S[π] =
⋂
f∈HomSp(W )(ω,π)
ker(f).
Similarly, for σ˜ ∈ Irr(O(V )), we obtain a smooth finite length representation Θ(σ˜) = Θψ,V,W (σ˜) of Sp(W ).
The maximal semi-simple quotient of Θ(π) (resp. Θ(σ˜)) is denoted by θ(π) = θψ,V,W (π) (resp. θ(σ˜) =
θψ,V,W (σ˜)). The Howe duality conjecture, which was proven by Waldspurger [46] when the residue charac-
teristic is not 2 and by Gan–Takeda [18, 19] in general, says that θ(π) and θ(σ˜) are irreducible (if they are
nonzero). Moreover, we have the following:
Proposition 2.4 ([14, Proposition C.4 (i)]). We set V = V2m and W = W2n. Let π ∈ Irrtemp(Sp(W ))
(resp. σ˜ ∈ Irrtemp(O(V ))) be a tempered representation.
(1) Suppose that m = n+1. Then Θ(π) is either zero or an irreducible tempered representation of O(V )
so that Θ(π) = θ(π).
(2) Suppose that m = n. Then Θ(σ˜) is either zero or an irreducible tempered representation of Sp(W )
so that Θ(σ˜) = θ(σ˜).
3. Local Langlands correspondence
Through this paper, we assume the local Langlands correspondence for symplectic and special orthogonal
groups. See [2]. In this section, we summarize some of its properties which are used in this paper. See also
Appendix A.3 and [12].
3.1. Representations of WDF . Let M be a finite dimensional vector space over C. We say that a homo-
morphism φ : WDF → GL(M) is a representation of WDF if
• φ(Frob) is semi-simple, where Frob ∈WF is a geometric Frobenius;
• the restriction of φ to WF is smooth;
• the restriction of φ to SL2(C) is algebraic.
We call φ tempered if the image of WF is bounded. We say that φ is orthogonal or self-dual with sign +1
(resp. symplectic or self-dual with sign −1) if there exists a non-degenerate bilinear form B : M ×M → C
such that {
B(φ(w)x, φ(w)y) = B(x, y),
B(y, x) = δ ·B(x, y)
with δ = +1 (resp. δ = −1) for x, y ∈ M and w ∈ WDF . In this case, φ is self-dual, i.e., φ is equivalent to
its contragredient φ∨.
For any positive integer n, there exists a unique irreducible algebraic representation νn of SL2(C) with
dimension n. It is easy to see that
νn is
{
orthogonal if n is odd,
symplectic if n is even.
For a representation M of WDF , we define the L-factor L(s,M) and the ε-factor ε(s,M,ψ) as in [44]. It
is well-known that if M is a symplectic representation of WDF , then ε(M) = ε (1/2,M, ψ) does not depend
on the choice of ψ, and ε(M) ∈ {±1} (see, e.g., [12, Proposition 5.1]).
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3.2. Properties. Let G be a quasi-split connected reductive algebraic group over F . We denote the Lang-
lands dual group and the L-group of G by Ĝ and LG = Ĝ⋊WF , respectively. We call an L-homomorphism
φ : WDF → LG
an L-parameter of G. We say that two L-parameters are equivalent if they are conjugate by an element in
Ĝ. We call an L-parameter φ tempered if φ(WF ) projects onto a relatively compact subset of Ĝ. We denote
the set of equivalence classes of L-parameters of G by Φ(G). Let Φtemp(G) be the subset of Φ(G) of classes
of tempered L-parameters. For φ ∈ Φ(G), we put
Sφ = Cent(Im(φ), Ĝ).
A pure inner twist of G is a tuple (G′, f, z), where G′ is an algebraic group over F , f : G → G′ is an
isomorphism over F and z ∈ Z1(F,G) is a 1-cocycle such that f−1 ◦ γ(f) = Int(zγ) for any γ ∈ Γ. Here,
zγ ∈ G is the value at γ ∈ Γ of z : Γ → G(F ) and Int(zγ)g = zγgz−1γ . Then we call G′ a pure inner form of
G. There exists a canonical bijection
H1(F,G)←→ {The isomorphism classes of pure inner twists of G}.
More precisely, see Appendix A.2. Moreover, since F is p-adic, there exists a canonical bijection (Kottwitz’s
isomorphism)
H1(F,G)→ π0(Z(Ĝ)Γ)D.
See [29, Proposition 6.4]. Note that π0(Z(Ĝ)
Γ) is a central subgroup of π0(Sφ).
We are now ready to describe the desiderata for the Langlands correspondence.
(1) There exists a canonical surjection⊔
G′
Irr(G′(F ))→ Φ(G),
where G′ runs over all pure inner forms of G. For φ ∈ Φ(G), we denote by Πφ the inverse image of φ
under this map, and call Πφ the L-packet of φ. The L-packet Πφ is a finite set whose order is equal
to #Irr(π0(Sφ)). If φ ∈ Φtemp(G), then Πφ ⊂ ⊔G′Irrtemp(G′).
(2) For a Whittaker datum w of G, there exists a bijection
ιw : Πφ → Irr(π0(Sφ))
which satisfies some character identities. More precisely, see Appendix A.3.
(3) The local adjoint L-function L(s, φ,Ad) is regular at the point s = 1 if and only if ι−1w (1) ∈ Πφ is
w-generic for any Whittaker datum w. In this case, we say that the L-parameter φ is generic.
(4) By the restriction to π0(Z(Ĝ)
Γ) ⊂ π0(Sφ), an irreducible representation η of π0(Sφ) gives a character
of π0(Z(Ĝ)
Γ), which corresponds to a class of H1(F,G), i.e., an isomorphism class of pure inner
twists (G′, f, z). Then ι−1w (η) ∈ Irr(G′(F )).
Once we fix a Whittaker datum w of G, we denote by π(η) the representation in Πφ corresponding to
η ∈ Irr(π0(Sφ)) via ιw.
The property (3) is a conjecture of Gross–Prasad and Rallis (GPR), which was proven in general in
[15, Appendix B]. Note that if φ ∈ Φtemp(G), then the L-function L(s, φ,Ad) is regular in the half-plane
Re(s) > 0, so that φ is generic by (3).
In the rest of this section, we explain the desiderata of L-packets more precisely for symplectic and special
orthogonal groups, which will be assumed in the rest of this paper.
3.3. Type Bn. Let n ≥ 1 and G = SO(V2n+1) be a quasi-split special orthogonal group. Then Ĝ = Sp2n(C)
and LG = Sp2n(C)×WF . An L-parameter φ of SO(V2n+1) gives a self-dual representation φ : WDF → GL(M)
with sign −1, dimC(M) = 2n and det(M) = 1. The map φ 7→ φ gives a bijection
Φ(SO(V2n+1))→ Φ˜(SO(V2n+1)) := {φ : WDF → Sp(M) | dimC(M) = 2n}/ ∼= .
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We identify φ with φ via this bijection. Let Φ˜temp(SO(V2n+1)) be the subset of Φ˜(SO(V2n+1)) of tempered
representations.
Let φ ∈ Φ˜(SO(V2n+1)). We denote the centralizer of Im(φ) in Sp(M) by Cφ and its component group by
Aφ = Cφ/C
◦
φ. Then π0(Sφ)
∼= Aφ if φ 7→ φ. If
M ∼=
⊕
i∈I+
(Vi ⊗Mi)⊕
⊕
i∈I−
(Wi ⊗Ni)⊕
⊕
j∈J
(Uj ⊗ (Pj + P∨j )),
where
• Mi (resp. Ni) is an irreducible self-dual representation of WDF with sign −1 (resp. +1),
• Pj is an irreducible representation of WDF which is not self-dual,
such that Mi, Ni and Pj are pairwise inequivalent, and Vi, Wi and Uj are multiplicity spaces, then the
bilinear form on M gives a non-degenerate bilinear form on Vi (resp. Wi) of sign +1 (resp. −1). Moreover,
we have
Cφ ∼=
∏
i∈I+
O(Vi)×
∏
i∈I−
Sp(Wi)×
∏
j∈J
GL(Uj).
For a semi-simple element a ∈ Cφ, we denote by Ma the (−1)-eigenspace of a on M . Then Ma gives a
symplectic representation of WDF . If ai ∈ O(Vi) \ SO(Vi), then Mai = V aii ⊗Mi. We have
Aφ =
⊕
i∈I+
(Z/2Z)ai ∼= (Z/2Z)m,
where m = #I+.
It is known that #H1(F, SO(V2n+1)) = 2 (which also follows from Kottwitz’s isomorphism). Hence
there are exactly two pure inner forms of G = SO(V2n+1). They are SO(V2n+1) and SO(V
′
2n+1), where
dim(V2n+1) = dim(V
′
2n+1) = 2n + 1 and disc(V2n+1) = disc(V
′
2n+1). We see that SO(V2n+1) is split, but
SO(V ′2n+1) is not quasi-split.
By [2, Theorem 1.5.1 (b)], for φ ∈ Φ˜temp(SO(V2n+1)), we obtain an L-packet ΠAφ , which is a finite subset
of Irrtemp(SO(V2n+1)), and a canonical bijection ι
A
w : Π
A
φ → π0(Cφ/{±1})̂ . We assume that there is a Vogan
L-packet Πφ ⊂ Irrtemp(SO(V2n+1)) ⊔ Irrtemp(SO(V ′2n+1)) such that Πφ ∩ Irrtemp(SO(V2n+1)) = ΠAφ together
with an extension ιw : Πφ → Âφ of ιAw. We extend L-packets for general φ ∈ Φ˜(SO(V2n+1)) as follows. In
general, we can write
φ = φ1 ⊕ · · · ⊕ φr ⊕ φ0 ⊕ φ∨r ⊕ · · · ⊕ φ∨1 ,
where
• φi is a ki-dimensional representation of WDF for i = 1, . . . , r, which is of the form φi = φ′i ⊗ | · |siF
for some tempered representation φ′i of WDF and some real number si such that
s1 > · · · > sr > 0, n = n0 + (k1 + · · ·+ kr);
• φ0 ∈ Φ˜temp(SO(V2n0+1)) if n0 ≥ 1, and φ0 = 0 if n0 = 0.
We write
V •2n+1 = X1 ⊕ · · · ⊕Xr ⊕ V •2n0+1 ⊕X∗r ⊕ · · · ⊕X∗1 ,
where Xi and X
∗
i are ki-dimensional totally isotropic subspaces of V
•
2n+1 which are mutually orthogonal,
and such that Xi ⊕ X∗i is non-degenerate and orthogonal to V •2n0+1. Let P ◦ be the parabolic subgroup of
SO(V •2n+1) stabilizing the flag
X1 ⊂ X1 ⊕X2 ⊂ · · · ⊂ X1 ⊕ · · · ⊕Xr
and M◦P be the Levi component of P
◦ stabilizing the flag
X∗1 ⊂ X∗1 ⊕X∗2 ⊂ · · · ⊂ X∗1 ⊕ · · · ⊕X∗r ,
so that
M◦P
∼= GL(X1)× · · · ×GL(Xr)× SO(V •2n0+1).
Then the L-packet Πφ consists of the unique irreducible quotients π of the standard modules
Ind
SO(V •2n+1)
P◦ (τ1 ⊗ · · · ⊗ τr ⊗ π0),
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where τi is the irreducible essentially tempered representation of GL(Xi) corresponding to φi for i = 1, . . . , r,
and π0 runs over elements in Πφ0 (or π0 = 1 if n0 = 0 so that SO(V2n0+1) = {1}). In particular, if n0 = 0,
then Πφ is a singleton. If n0 ≥ 1, then the natural map Aφ0 → Aφ is an isomorphism, and we define
ιw(π) ∈ Âφ by
ιw(π0) = ιw(π)|Aφ0 .
We say that φ ∈ Φ˜(SO(V2n+1)) is generic if Πφ has a generic representation. Let Φ˜gen(SO(V2n+1)) be the
subset of Φ˜(SO(V2n+1)) consisting of generic representations. Then we have a sequence
Φ˜temp(SO(V2n+1)) ⊂ Φ˜gen(SO(V2n+1)) ⊂ Φ˜(SO(V2n+1)).
3.4. Type Cn. Let n ≥ 1 and G = Sp(W2n) be a (split) symplectic group. Then Ĝ = SO2n+1(C) and
LG = SO2n+1(C) ×WF . An L-parameter φ of G gives a self-dual representation φ : WDF → GL(N) with
sign +1, dimC(N) = 2n+ 1 and det(N) = 1. The map φ 7→ φ gives a bijection
Φ(Sp(W2n))→ Φ˜(Sp(W2n)) := {φ : WDF → SO(N) | dimC(N) = 2n+ 1}/ ∼= .
We identify φ with φ via this bijection. Let Φ˜temp(Sp(W2n)) be the subset of Φ˜(Sp(W2n)) of tempered
representations.
Let φ ∈ Φ˜(Sp(W2n)). We denote the centralizer of Im(φ) in O(N) by Cφ and its component group by
Aφ = Cφ/C
◦
φ. The centralizer of Im(φ) in SO(N) is denoted by C
+
φ . We put A
+
φ = Im(C
+
φ → Aφ). Then
π0(Sφ) ∼= A+φ if φ 7→ φ. If
N ∼=
⊕
i∈I+
(Vi ⊗Ni)⊕
⊕
i∈I−
(Wi ⊗Mi)⊕
⊕
j∈J
(Uj ⊗ (Pj + P∨j ))
where
• Mi (resp. Ni) is an irreducible self-dual representation of WDF with sign −1 (resp. +1),
• Pj is an irreducible representation of WDF which is not self-dual,
such that Mi, Ni and Pj are pairwise inequivalent, and Vi, Wi and Uj are multiplicity spaces, then the
bilinear form on N gives a non-degenerate bilinear form on Vi (resp. Wi) of sign +1 (resp. −1). Moreover,
we have
Cφ ∼=
∏
i∈I+
O(Vi)×
∏
i∈I−
Sp(Wi)×
∏
j∈J
GL(Uj).
For a semi-simple element a ∈ Cφ, we denote by Na the (−1)-eigenspace of a on N . Then Na gives an
orthogonal representation of WDF . If ai ∈ O(Vi) \ SO(Vi), then Nai = V aii ⊗Ni. We have
Aφ =
⊕
i∈I+
(Z/2Z)ai ∼= (Z/2Z)m,
where m = #I+. We see that A+φ is the kernel of the character
Aφ ∋ ai 7→ (−1)dimC(Ni) ∈ {±1}.
Hence we have A+φ
∼= (Z/2Z)m−1 since some Ni has odd dimension.
It is known that #H1(F, Sp(W2n)) = 1 (which also follows from Kottwitz’s isomorphism). Hence there
are no non-trivial pure inner forms of G = Sp(W2n).
By [2, Theorem 1.5.1 (b)], for φ ∈ Φ˜temp(Sp(W2n)), we obtain an L-packet Πφ, which is a finite subset of
Irrtemp(Sp(W2n)), and a canonical bijection ιw′c : Πφ → Â+φ for each Whittaker datum w′c of Sp(W2n). We
extend L-packets for general φ ∈ Φ˜(Sp(W2n)) as follows. In general, we can write
φ = φ1 ⊕ · · · ⊕ φr ⊕ φ0 ⊕ φ∨r ⊕ · · · ⊕ φ∨1 ,
where
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• φi is a ki-dimensional representation of WDF for i = 1, . . . , r, which is of the form φi = φ′i ⊗ | · |siF
for some tempered representation φ′i of WDF and some real number si such that
s1 > · · · > sr > 0, n = n0 + (k1 + · · ·+ kr);
• φ0 ∈ Φ˜temp(Sp(W2n0)) if n0 ≥ 1, and φ0 = 1 if n0 = 0.
We write
W2n = Y1 ⊕ · · · ⊕ Yr ⊕W2n0 ⊕ Y ∗r ⊕ · · · ⊕ Y ∗1 ,
where Yi and Y
∗
i are ki-dimensional totally isotropic subspaces of W2n which are mutually orthogonal, and
such that Yi ⊕ Y ∗i is non-degenerate and orthogonal to W2n0 . Let Q be the parabolic subgroup of Sp(W2n)
stabilizing the flag
Y1 ⊂ Y1 ⊕ Y2 ⊂ · · · ⊂ Y1 ⊕ · · · ⊕ Yr
and MQ be the Levi component of Q stabilizing the flag
Y ∗1 ⊂ Y ∗1 ⊕ Y ∗2 ⊂ · · · ⊂ Y ∗1 ⊕ · · · ⊕ Y ∗r ,
so that
MQ ∼= GL(Y1)× · · · ×GL(Yr)× Sp(W2n0).
Then the L-packet Πφ consists of the unique irreducible quotients π of the standard modules
Ind
Sp(W2n)
Q (τ1 ⊗ · · · ⊗ τr ⊗ π0),
where τi is the irreducible essentially tempered representation of GL(Yi) corresponding to φi for i = 1, . . . , r,
and π0 runs over elements in Πφ0 if n0 > 0. If n0 = 0, then we ignore π0. In particular, if n0 = 0, then Πφ is
a singleton. If n0 ≥ 1, then the natural map A+φ0 → A+φ is an isomorphism, and we define ιw′c(π) ∈ Â+φ by
ιw′c(π0) = ιw′c(π)|A+φ0 .
Recall that the set of Whittaker data of Sp(W2n) is parametrized by F
×/F×2 (once we fix a non-trivial
additive character ψ of F ). For c ∈ F× and a semi-simple element a in C+φ , we put ηc(a) := det(Na)(c). By
[12, §4], this gives a character ηc of A+φ . The following proposition is a special case of [25, Theorem 3.3].
Proposition 3.1. For c1, c2 ∈ F×, the diagram
Πφ
ι
w′c1−−−−→ Â+φ∥∥∥ y·⊗ηc2/c1
Πφ
ιw′c2−−−−→ Â+φ
is commutative.
Proposition 3.1 determines the L-parameter and the character of the contragredient representation π∨ of
π.
Corollary 3.2. Let π ∈ Irr(Sp(W2n)) and φ ∈ Φ˜(Sp(W2n)) such that π ∈ Πφ. Then π∨ ∈ Πφ and
ιw′c(π
∨) = ιw′c(π)⊗ η−1.
Proof. We decompose W2n = Yn ⊕ Y ∗n as in §2.4. We define δ ∈ GL(W2n) by δ|Yn = 1Yn and δ|Y ∗n = −1Y ∗n .
Then δ be an element in GSp(W2n) with similitude factor −1, and satisfies
〈δw, δw′〉W2n = 〈w′, w〉W2n
for w,w′ ∈W2n. By [34, Chapter 4. II. 1] we have π∨ ∼= πδ for π ∈ Irr(Sp(W2n)). Hence π∨ ∈ Πφ. The map
Sp(W2n) ∋ x 7→ δ−1xδ ∈ Sp(W2n) transfers w′c to w′−c. See also Proposition A.6 below. By Proposition 3.1,
we have
ιw′c(π
∨) = ιw′c(π
δ) = ιw′
−c
(π) = ιw′c(π)⊗ η−1,
as desired. 
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We say that φ ∈ Φ˜(Sp(W2n)) is discrete if I− = J = ∅ and dim(Vi) = 1 for each i ∈ I+. In this case, C+φ is
a finite group and Πφ consists of irreducible (unitary) discrete series representations (i.e., square-integrable
representations) of Sp(W2n). If φ ∈ Φ˜(Sp(W2n)) is tempered but not discrete, then we can write
φ = φ1 + φ0 + φ
∨
1 ,
where
• φ1 is a k-dimensional irreducible representation of WDF for some positive integer k,
• φ0 ∈ Φ˜temp(Sp(W2n0)) if n0 = n− k ≥ 1, and φ0 = 1 if n0 = n− k = 0.
In this case, there is a natural embedding A+φ0 →֒ A+φ , where we put A+φ0 = 1 if n0 = 0. We can decompose
W2n = Yk +W2n0 + Y
∗
k
and define a parabolic subgroup Q = Qk =MQUQ of Sp(W2n) as in §2.4. Hence,
MQ ∼= GL(Yk)× Sp(W2n0).
Let τ be the irreducible (unitary) discrete series representation of GL(Yk) associated to φ1. For π0 ∈ Πφ0 ,
the induced representation Ind
Sp(W2n)
Q (τ ⊗π0) decomposes to a direct sum of irreducible representations, and
{π ∈ Irr(Sp(W2n)) | π ⊂ IndSp(W2n)Q (τ ⊗ π0)} = {π ∈ Πφ | ιw′c(π)|A+φ0 = ιw′c(π0)}
for any c ∈ F×. Here, if n0 = 0, then we ignore π0 and interpret the right hand side to be Πφ. By using a
normalized intertwining operator, we can determine ιw′c(π) completely. More precisely, see §6.3 below.
Let Φ˜disc(Sp(W2n)) (resp. Φ˜gen(Sp(W2n))) be the subset of Φ˜(Sp(W2n)) consisting of discrete representa-
tions (resp. generic representations). Then we have a sequence
Φ˜disc(Sp(W2n)) ⊂ Φ˜temp(Sp(W2n)) ⊂ Φ˜gen(Sp(W2n)) ⊂ Φ˜(Sp(W2n)).
3.5. Type Dn. Let n ≥ 1 and G = SO(V2n) be a quasi-split special orthogonal group. We put E =
F (
√
disc(V2n)). Then Ĝ = SO2n(C) and
LG = SO2n(C)⋊WF . The action ofWF on SO2n(C) factors through
WF → Gal(E/F ). For γ ∈ WF and φ ∈ Φ(SO(V2n)), we define γφ ∈ Φ(SO(V2n)) by γφ(x) = γ · φ(x) · γ−1.
An L-parameter φ of G gives a self-dual representation φ : WDF → GL(N) with sign +1, dimC(N) = 2n and
det(N) = χV2n . The map φ 7→ φ gives a surjective map
Φ(SO(V2n))→ Φ˜(SO(V2n)) := {φ : WDF → O(N) | dimC(N) = 2n, det(N) = χV2n}/ ∼= .
Note that γφ and φ give the same self-dual representation. By [12, Theorem 8.1], for φ ∈ Φ˜(SO(V2n)), the
inverse image of φ under this map has one or two elements. We say that φ ∈ Φ˜(SO(V2n)) is ε-invariant if
the inverse image of φ under this map is a singleton. Let Φ˜temp(SO(V2n)) be the subset of Φ˜(SO(V2n)) of
tempered representations.
We denote the centralizer of Im(φ) in O(N) by Cφ and its component group by Aφ = Cφ/C
◦
φ. The
centralizer of Im(φ) in SO(N) is denoted by C+φ . We put A
+
φ = Im(C
+
φ → Aφ). Then π0(Sφ) ∼= A+φ if φ 7→ φ.
If
N ∼=
⊕
i∈I+
(Vi ⊗Ni)⊕
⊕
i∈I−
(Wi ⊗Mi)⊕
⊕
j∈J
(Uj ⊗ (Pj + P∨j ))
where
• Mi (resp. Ni) is an irreducible self-dual representation of WDF with sign −1 (resp. +1),
• Pj is an irreducible representation of WDF which is not self-dual,
such that Mi, Ni and Pj are pairwise inequivalent, and Vi, Wi and Uj are multiplicity spaces, then the
bilinear form on N gives a non-degenerate bilinear form on Vi (resp. Wi) of sign +1 (resp. −1). Note that φ
is ε-invariant if and only if dimC(Ni) is odd for some i ∈ I+ (see [12, Theorem 8.1]). Moreover, we have
Cφ ∼=
∏
i∈I+
O(Vi)×
∏
i∈I−
Sp(Wi)×
∏
j∈J
GL(Uj).
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For a semi-simple element a ∈ Cφ, we denote by Na the (−1)-eigenspace of a on N . Then Na gives an
orthogonal representation of WDF . If ai ∈ O(Vi) \ SO(Vi), then Nai = V aii ⊗Ni. We have
Aφ =
⊕
i∈I+
(Z/2Z)ai ∼= (Z/2Z)m,
where m = #I+. We see that A+φ is the kernel of the character
Aφ ∋ ai 7→ (−1)dimC(Ni).
Hence we have
A+φ
∼=
{
(Z/2Z)m−1 if φ is ε-invariant,
(Z/2Z)m otherwise.
It is known that
#H1(F, SO(V2n)) =
{
1 if dim(V2n) = 2n = 2 and disc(V2n) = 1,
2 otherwise
(which also follows from Kottwitz’s isomorphism). Hence if n = 1 and disc(V2n) = 1, then there are no non-
trivial pure inner forms of G = SO(V2n). Otherwise, there are exactly two pure inner forms of G = SO(V2n).
They are SO(V2n) and SO(V
′
2n), where dim(V2n) = dim(V
′
2n) = 2n and disc(V2n) = disc(V
′
2n). We see that
SO(V2n) is
{
split if disc(V2n) = 1,
quasi-split but not split if disc(V2n) 6= 1,
SO(V ′2n) is
{
not quasi-split if disc(V ′2n) = 1,
quasi-split but not split if disc(V ′2n) 6= 1.
By [2, Theorem 1.5.1 (b)], for φ ∈ Φ˜temp(SO(V2n)), we obtain an L-packet ΠAφ , which is a finite subset
of Irrtemp(SO(V2n))/ ∼ε, and a canonical bijection ιAwc : ΠAφ → π0(C+φ /{±1})̂ for each Whittaker datum
wc of SO(V2n). We assume that there is a Vogan L-packet Πφ ⊂ ⊔V •2nIrrtemp(SO(V •2n))/ ∼ε such that
Πφ ∩ Irrtemp(SO(V2n))/ ∼ε= ΠAφ together with an extension ιwc : Πφ → Â+φ of ιAwc . We extend L-packets for
general φ ∈ Φ˜(SO(V2n)) as follows. In general, we can write
φ = φ1 ⊕ · · · ⊕ φr ⊕ φ0 ⊕ φ∨r ⊕ · · · ⊕ φ∨1 ,
where
• φi is a ki-dimensional representation of WDF for i = 1, . . . , r, which is of the form φi = φ′i ⊗ | · |siF
for some tempered representation φ′i of WDF and some real number si such that
s1 > · · · > sr > 0, n = n0 + (k1 + · · ·+ kr);
• φ0 ∈ Φ˜temp(SO(V2n0 )) if n0 ≥ 1, and φ0 = 0 if n0 = 0.
First, we assume that n0 > 0. We write
V •2n = X1 ⊕ · · · ⊕Xr ⊕ V •2n0 ⊕X∗r ⊕ · · · ⊕X∗1 ,
where Xi and X
∗
i are ki-dimensional totally isotropic subspaces of V
•
2n which are mutually orthogonal, and
such that Xi ⊕X∗i is non-degenerate and orthogonal to V •2n0 . Let P ◦ be the parabolic subgroup of SO(V •2n)
stabilizing the flag
X1 ⊂ X1 ⊕X2 ⊂ · · · ⊂ X1 ⊕ · · · ⊕Xr
and M◦P be the Levi component of P
◦ stabilizing the flag
X∗1 ⊂ X∗1 ⊕X∗2 ⊂ · · · ⊂ X∗1 ⊕ · · · ⊕X∗r ,
so that
M◦P
∼= GL(X1)× · · · ×GL(Xr)× SO(V •2n0 ).
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Then the L-packet Πφ consists of the O(V
•
2n)-orbits of the unique irreducible quotients σ of the standard
modules
Ind
SO(V •2n)
P◦ (τ1 ⊗ · · · ⊗ τr ⊗ σ0),
where τi is the irreducible essentially tempered representation of GL(Xi) corresponding to φi for i = 1, . . . , r,
and [σ0] runs over elements in Πφ0 . Since V2n0 6= 0 and
Ind
SO(V •2n)
P◦ (τ1 ⊗ · · · ⊗ τr ⊗ σ0)ε ∼= IndSO(V
•
2n)
P◦ (τ1 ⊗ · · · ⊗ τr ⊗ σε0)
for ε ∈ O(V2n0), the L-packet Πφ is well-defined. The natural map A+φ0 → A+φ is an isomorphism, and we
define ιwc(π) ∈ Â+φ by
ιwc(π0) = ιwc(π)|A+φ0 .
If n0 = 0, then det(φ) = 1, so that φ ∈ Φ˜(SO(V2n)) where SO(V2n) is split. In this case, the L-packet Πφ is
a singleton and the unique element of Πφ is the O(V2n)-orbit consisting of the unique irreducible quotients σ
and σε of the standard modules
Ind
SO(V2n)
P◦ (τ1 ⊗ · · · ⊗ τr) and IndSO(V2n)P◦ (τ1 ⊗ · · · ⊗ τr)ε.
Recall that the Vogan L-packet Πφ is a subset of ⊔V •2n Irr(SO(V •2n))/ ∼ε. The following proposition is
proven in §4.3.
Proposition 3.3. For φ ∈ Φ˜(SO(V2n)), we have the following:
• φ is ε-invariant if and only if Πφ consists of orbits of order one;
• φ is not ε-invariant if and only if Πφ consists of orbits of order two.
In particular, φ is ε-invariant if and only if Πφ consists of orbits of an ε-invariant element. This is the
reason why we say that φ is ε-invariant. We summarize these results in Table 2 below. Here, [σ] is an element
in Πφ with σ ∈ Irr(SO(V •2n)), and σ˜ is an irreducible constituent of IndO(V
•
2n)
SO(V •2n)
(σ).
Table 2.
φ ε-invariant not ε-invariant
dimC(Ni) : odd contained not contained
Aφ A
+
φ 6= Aφ A+φ = Aφ
order of [σ] one two
σε σ ∼= σε σ 6∼= σε
Ind
O(V •2n)
SO(V •2n)
(σ) σ˜ ⊕ (σ˜ ⊗ det) irreducible
σ˜ ⊗ det σ˜ 6∼= σ˜ ⊗ det σ˜ ∼= σ˜ ⊗ det
σ˜|SO(V •2n) irreducible σ ⊕ σε
If disc(V2n) = 1, then the set of Whittaker data of SO(V2n) is parametrized by F
×/F×2. If disc(V2n) 6= 1,
then both SO(V2n) and SO(V
′
2n) are quasi-split, and the set⊔
V •2n
{Whittaker data of SO(V •2n)}
is parametrized by F×/F×2. Note that Φ˜(SO(V2n)) = Φ˜(SO(V
′
2n)). An element in this set gives a (Vogan)
L-packet of SO(V2n) and one of SO(V
′
2n). They are both subsets of ⊔V •2n Irr(SO(V •2n))/ ∼ε. By Appendix
A.4, these L-packets coincide. Hence, in each cases, there exists a bijection
ιwc : Πφ → Â+φ
for any φ ∈ Φ˜(SO(V2n)) and c ∈ F×/F×2. For c ∈ F× and a semi-simple element a in C+φ , we put
ηc(a) := det(N
a)(c). By [12, §4], this gives a character ηc of A+φ . Then we have the following proposition.
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Proposition 3.4. For c1, c2 ∈ F×, the diagram
Πφ
ιwc1−−−−→ Â+φ∥∥∥ y·⊗ηc2/c1
Πφ
ιwc2−−−−→ Â+φ
is commutative.
The case when both wc1 and wc2 are Whittaker data of SO(V2n) is Kaletha’s result ([25, Theorem 3.3]).
The proof of this proposition is given in Appendix A.5.
We say that φ ∈ Φ˜(SO(V2n)) is discrete if I− = J = ∅ and dim(Vi) = 1 for each i ∈ I+. In this case,
C+φ is a finite group and Πφ consists of orbits of irreducible (unitary) discrete series representations (i.e.,
square-integrable representations) of SO(V2n). If φ ∈ Φ˜(SO(V2n)) is tempered but not discrete, then we can
write
φ = φ1 + φ0 + φ
∨
1 ,
where
• φ1 is a k-dimensional irreducible representation of WDF for some positive integer k,
• φ0 ∈ Φ˜temp(SO(V2n0 )) if n0 = n− k ≥ 1, and φ0 = 0 if n0 = n− k = 0.
First, we assume that n0 > 0. In this case, there is a natural embedding A
+
φ0
→֒ A+φ . Let [σ0] ∈ Πφ0 with
σ0 ∈ Irr(SO(V •2n0)). We can decompose
V •2n = Xk + V
•
2n0 +X
∗
k
and define a parabolic subgroup P ◦ = P ◦k =M
◦
PUP of SO(V
•
2n) as in §2.4. Hence,
M◦P
∼= GL(Xk)× SO(V •2n0).
Let τ be the irreducible (unitary) discrete series representation of GL(Xk) associated to φ1. Then the induced
representation Ind
SO(V •2n)
P◦ (τ ⊗ σ0) decomposes to a direct sum of irreducible representations, and
{[σ] | σ ∈ Irr(SO(V •2n)), σ ⊂ IndSO(V
•
2n)
P◦ (τ ⊗ σ0)} = {[σ] ∈ Πφ | ιwc([σ])|A+φ0 = ιwc([σ0])}.
Note that the left hand side is independent of the choice of a representative σ0 of [σ0]. By using a normalized
intertwining operator, we can determine ιwc([σ]) completely. More precisely, see §6.3 below. If n0 = 0,
then det(φ) = 1, so that φ ∈ Φ˜(SO(V2n)) where SO(V2n) is split. Moreover the induced representation
Ind
SO(V2n)
P◦ (τ) decomposes to a direct sum of irreducible representations, and
Πφ = {[σ] | σ ∈ Irr(SO(V2n)), σ ⊂ IndSO(V2n)P◦ (τ)}.
Let Φ˜disc(SO(V2n)) (resp. Φ˜gen(SO(V2n))) be the subset of Φ˜(SO(V2n)) consisting of discrete representa-
tions (resp. generic representations). Then we have a sequence
Φ˜disc(SO(V2n)) ⊂ Φ˜temp(SO(V2n)) ⊂ Φ˜gen(SO(V2n)) ⊂ Φ˜(SO(V2n)).
3.6. Metaplectic groups. Let S˜p(W2n) be the metaplectic group, i.e., the non-trivial central extension of
Sp(W2n):
1 −−−−→ {±1} −−−−→ S˜p(W2n) −−−−→ Sp(W2n) −−−−→ 1.
We denote the set of equivalence classes of irreducible genuine representations of S˜p(W2n) by Irr(S˜p(W2n)).
We recall some results of Gan–Savin (Theorem 1.1 and Corollary 1.2 in [16]).
Theorem 3.5. Corresponding to the choice of a non-trivial additive character ψ of F , there is a natural
bijection given by the theta correspondence
Irr(S˜p(W2n))→
⊔
V
(1)
2n+1
Irr(SO(V
(1)
2n+1)),
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where the union is taken over all the isomorphism classes of orthogonal spaces V
(1)
2n+1 over F with dim(V
(1)
2n+1) =
2n+ 1 and disc(V
(1)
2n+1) = 1.
More precisely, for π˜ ∈ Irr(S˜p(W2n)), there is a unique V (1)2n+1 as above such that θψ,V (1)2n+1,W2n(π˜) is nonzero,
in which case the image of π˜ is θ(π˜) = θ
ψ,V
(1)
2n+1,W2n
(π˜)|SO(V (1)2n+1) ∈ Irr(SO(V (1)2n+1)).
Corollary 3.6. Suppose that the local Langlands conjecture holds for SO(V2n+1) with dim(V2n+1) = 2n+ 1
and disc(V2n+1) = 1. Then one has a surjection (depending on ψ)
Lψ : Irr(S˜p(W2n))→ Φ˜(SO(V2n+1)).
For φ ∈ Φ˜(SO(V2n+1)), we denote by Πφ the inverse image of φ under this map, and call Πφ the L-packet of
φ. Moreover, the composition of ιw and theta lifts gives a bijection (depending on ψ) of
ιψ : Πφ → Âφ.
We put Φ(S˜p(W2n)) := Φ(SO(V2n+1)) and we call φ ∈ Φ(S˜p(W2n)) an L-parameter of S˜p(W2n). This is
also an L-parameter of SO(V2n+1). However we use
Φ˜(S˜p(W2n)) := Φ˜(SO(V2n+1)) = {WDF → Sp(M) | dimC(M) = 2n}/ ∼=
in this paper. Note that there is a bijection Φ(S˜p(W2n))→ Φ˜(S˜p(W2n)). We regard Lψ as a map
Lψ : Irr(S˜p(W2n))→ Φ˜(S˜p(W2n)).
By [16, Theorem 12.1], we have the following theorem.
Theorem 3.7. For π˜ ∈ Irr(S˜p(W2n)) and c ∈ F×, we put (Lψ(π˜), ιψ(π˜)) = (φ, η) and (Lψc(π˜), ιψc(π˜)) =
(φc, ηc), where φ : WDF → Sp(M) is a symplectic representation of WDF . Then the following hold.
(1) φc = φ ⊗ χc, where χc is the quadratic character associated to c ∈ F×/F×2. In particular, we have
a canonical identification Aφ = Aφc .
(2) The characters η and ηc are related by
ηc(a)/η(a) = ε(M
a)ε(Ma ⊗ χc) · χc(−1)dimC(Ma)/2 ∈ {±1}
for a ∈ Aφ = Aφc .
By the above theorem, we have a parametrization of Irr(S˜p(W2n)) using Irr(SO(V2n+1)) with disc(V2n+1) =
c as follows:
Corollary 3.8. Suppose that the local Langlands conjecture holds for SO(V2n+1) with dim(V2n+1) = 2n+ 1
and disc(V2n+1) = 1. We fix c ∈ F×.
(1) Corresponding to the choice of a non-trivial additive character ψ of F , there is a natural bijection
θψ : Irr(S˜p(W2n))→
⊔
V
(c)
2n+1
Irr(SO(V
(c)
2n+1))
where the union is taken over all the isomorphism classes of orthogonal spaces V
(c)
2n+1 over F with
dim(V
(c)
2n+1) = 2n+ 1 and disc(V
(c)
2n+1) = c.
More precisely, for π˜ ∈ Irr(S˜p(W2n)), there is a unique V (c)2n+1 as above such that θψ,V (c)2n+1,W2n(π˜)
is nonzero, in which case the image of π˜ is θψ(π˜) = θψ,V (c)2n+1,W2n
(π˜)|SO(V (c)2n+1) ∈ Irr(SO(V (c)2n+1)).
(2) The diagram
Irr(S˜p(W2n))
θψ−−−−→ ⊔
V
(c)
2n+1
Irr(SO(V
(c)
2n+1))
Lψ
y y
Φ˜(S˜p(W2n))
·⊗χc−−−−→ Φ˜(S˜p(W2n)) = Φ˜(SO(V2n+1))
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is commutative, where the bottom arrow is given by φ 7→ φc = φ⊗χc. Moreover, for φ ∈ Φ˜(S˜p(W2n))
with Πφ ⊂ Irr(S˜p(W2n)) and Πφc ⊂ ⊔V (c)2n+1Irr(SO(V
(c)
2n+1)), the diagram
Πφ
θψ−−−−→ Πφc
ιψ
y yιw
Âφ −−−−→ Âφ = Âφc
is commutative, where the bottom arrow is given by η 7→ ηc as in the above theorem.
Proof. Let (V
(c)
2n+1, 〈·, ·〉c) be an orthogonal space with disc(V (c)2n+1) = c. We consider a new orthogonal
space (V
(1)
2n+1, 〈·, ·〉1) defined by V (c)2n+1 = V (1)2n+1 as vector spaces, and 〈·, ·〉1 = c−1〈·, ·〉c. Then we have
disc(V
(1)
2n+1) = c
−1 · disc(V (c)2n+1) = 1 in F×/F×2. Moreover by explicit formulas of the Weil representations,
we have
ω
ψ,V
(c)
2n+1,W2n
= ω
ψc,V
(1)
2n+1,W2n
.
So the first assertion follows from Theorem 3.5. In addition, the bottom arrows in the diagrams of the second
assertion are Lψc ◦L−1ψ and ιψc ◦ ι−1ψ , respectively. Hence the second assertion follows from Theorem 3.7. 
To parametrize Irr(S˜p(W2n)), we use Lψ and ιψ . We say that φ ∈ Φ˜(S˜p(W2n)) is generic (resp. tempered)
if so is φ as an element in Φ˜(SO(V2n+1)). We put Φ˜gen(S˜p(W2n)) = Φ˜gen(SO(V2n+1)) and Φ˜temp(S˜p(W2n)) =
Φ˜temp(SO(V2n+1)).
As in §2, we can define a parabolic subgroup Q˜ of S˜p(W2n) with the Levi subgroup isomorphic to
G˜Ln1(F ) ×{±1} · · · ×{±1} G˜Lnr(F ) ×{±1} S˜p(W2n0 ) with n1 + · · · + nr + n0 = n, and a Borel subgroup
B˜′ = T˜ ′U ′ of S˜p(W2n). Here, G˜Ln(F ) is a double cover of GLn(F ), B
′ = T ′U ′ is the Borel subgroup of
Sp(W2n) defined in §2 and B˜′ is the inverse image of B′ in S˜p(W2n). More precisely, see [16, §2]. Note that
the covering splits uniquely over the unipotent radical U ′ of B′. Let µ′c be the generic character of U
′ defined
in §2. We say that π˜ ∈ Irr(S˜p(W2n)) is w′c-generic if HomU ′(π˜, µ′c) 6= 0. The following proposition is a part
of Theorem 1.3 (and Theorem 8.1) in [16].
Proposition 3.9. Let V = V2n+1 be an orthogonal space over F with dim(V ) = 2n+1 and disc(V ) = 1, and
W = W2n be a symplectic space over F with dim(W ) = 2n. For σ ∈ Irr(SO(V )), by Theorem 3.5, we can
take a unique extension σ˜ ∈ Irr(O(V )) of σ such that Θψ,V,W (σ˜) is nonzero, so that θψ,V,W (σ˜) ∈ Irr(S˜p(W )).
(1) The representation σ is tempered if and only if Θψ,V,W (σ˜) is irreducible and tempered. In particular,
in this case we have Θψ,V,W (σ˜) = θψ,V,W (σ˜).
(2) If σ˜ is the unique irreducible quotient of
Ind
O(V )
P (τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ σ˜0),
where P is a parabolic subgroup of O(V ) with the Levi subgroup isomorphic to GLn1(F ) × · · · ×
GLnr (F )×O(V0), τi ∈ Irrtemp(GLni(F )), σ˜0 ∈ Irrtemp(O(V0)), and s1 > · · · > sr > 0. Then we have
Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗Θψ,V0,W0(σ˜0))։ Θψ,V,W (σ˜),
where Q˜ is the parabolic subgroup of S˜p(W ) with the Levi subgroup isomorphic to G˜Ln1(F ) ×{±1}
· · ·×{±1} G˜Lnr (F )×{±1} S˜p(W0) and dim(V0) = dim(W0)+1. In particular, θψ,V,W (σ˜) is the unique
irreducible quotient of the standard module Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr | det |srF ⊗Θψ,V0,W0(σ˜0)).
(3) If σ is w-generic, then θψ,V,W (σ˜) is w
′
1-generic.
Let φ ∈ Φ˜gen(S˜p(W2n)) and c ∈ F×. Then φ ⊗ χc ∈ Φ˜gen(SO(V2n+1)) by (GPR) for SO(V2n+1). For
the generic representation σ ∈ Πφ⊗χc , by Proposition 3.9, the theta lift θψc,V2n+1,W2n(σ˜) is w′c-generic (if it
is nonzero), where σ˜ is an extension of σ to O(V2n+1). By Theorem 3.7, we have θψc,V2n+1,W2n(σ˜) ∈ Πφ.
Therefore, by Proposition 3.9, for φ ∈ Φ˜(S˜p(W2n)), we conclude that
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• if φ is generic, then Πφ has a w′c-generic representation of S˜p(W2n) for each c ∈ F×;
• if φ is tempered, then Πφ consists of tempered representations of S˜p(W2n).
Note that even if φ is not generic, Πφ may have a generic representation of S˜p(W2n).
Example 3.10. We set n = 1. The Weil representation ωψ of S˜p(W2) = S˜L2(F ) decomposes into a sum of
two irreducible representations:
ωψ = ω
e
ψ ⊕ ωoψ,
where ωeψ (resp. ω
o
ψ) is called even (resp. odd) Weil representations. More precisely, see [17]. We consider
the even Weil representation ωeψ. Note that θψ,V3,W2(ω
e
ψ)|SO(V3) is the trivial representation 1SO(V3) of the
split group SO(V3). Hence the element in Φ˜(S˜p(W2)) associated to ω
e
ψ is φ
e = | · |1/2F ⊕ | · |−1/2F . Since
Ad ◦ φe = | · |1F ⊕ 1 ⊕ | · |−1F , we see that φe is not generic. However, by calculating the (twisted) Jacquet
modules of ωeψ, we see that ω
e
ψ is w
′
1-generic but not w
′
c-generic for any c ∈ F× \ F×2. We conclude that
• Πφe ⊂ Irr(SO(V3)) has no generic representations of SO(V3);
• Πφe ⊂ Irr(S˜p(W2)) has a w′1-generic representation of S˜p(W2) but does not have w′c-generic ones for
any c ∈ F× \ F×2.
An analogue of a conjecture of Gross–Prasad and Rallis for metaplectic groups is given as follows.
Theorem 3.11. Suppose that the local Langlands conjecture holds for SO(V2n+1) with dim(V2n+1) = 2n+ 1
and disc(V2n+1) = 1. Let φ ∈ Φ(S˜p(W2n)). Then the L-packet Πφ = L−1ψ (φ) has a w′1-generic representation
if and only if the quotient of the L-functions
L(s, φ,Ad)
L(s− 12 , φ)
is regular at s = 1.
Remark 3.12. By Theorem 3.11 together with Theorem 3.7, we see that the L-packet Πφ = L−1ψ (φ) has a
w′c-generic representation if and only if the quotient of the L-functions
L(s, φ,Ad)
L(s− 12 , φ⊗ χc)
is regular at s = 1.
The proof of Theorem 3.11 is given in Appendix B.
To prove the Gan–Gross–Prasad conjecture for symplectic-metaplectic case, we also need the following
theorem.
Theorem 3.13. Suppose that the local Langlands conjecture holds for SO(V2n+1) with dim(V2n+1) = 2n+ 1
and disc(V2n+1) = 1. Let
π˜ = Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0)
be a standard module, where
• Q˜ is the parabolic subgroup of S˜p(W ) with the Levi subgroup isomorphic to G˜Ln1(F )×{±1} · · · ×{±1}
G˜Lnr (F )×{±1} S˜p(W0);
• τi is an irreducible tempered representation of G˜Lni(F );
• si is a real number such that s1 > · · · > sr > 0;
• π˜0 is an irreducible tempered representation of S˜p(W0).
We denote the image of the unique irreducible quotient of π˜ under Lφ by φ. If φ is generic, i.e., the adjoint
L-function L(s, φ,Ad) is regular at s = 1, then the standard module π˜ itself is irreducible.
The proof of Theorem 3.13 is given in Appendix B. Note that the analogous property for symplectic and
special orthogonal groups was proven by [35, p. 40 The´ore`me (i)], and Heiermann [23] showed this property
for quasi-split connected reductive groups. We use Theorem 3.13 as follows:
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Lemma 3.14. If σ ∈ Irr(SO(V2n+1)) belongs to a generic L-packet and σ˜ is an extension of σ to O(V2n+1)
such that Θψ,V2n+1,W2n(σ˜) is nonzero, then the big theta lift Θψ,V2n+1,W2n(σ˜) is irreducible.
Proof. We denote the L-parameter of σ by φ, i.e., σ ∈ Πφ. By an assumption, φ is generic. Choose c ∈ F×
such that disc(V2n+1) = c mod F
×2. Note that φ⊗χc is also generic by (GPR) for SO(V2n+1). By Corollary
3.8, we see that θψ,V2n+1,W2n(σ˜) belongs to Πφ⊗χc , which is a generic L-packet of S˜p(W2n). By Theorem
3.13, the standard module in Proposition 3.9 (2) is irreducible. Hence so is the big theta lift Θψ,V2n+1,W2n(σ˜),
which is a quotient of the standard module. 
Let (V, 〈·, ·〉) be an orthogonal space with dim(V ) = 2n+ 1 and disc(V ) = c. We define a new orthogonal
space −V by (V,−〈·, ·〉). Then by [16, Lemma 3.2], for σ˜ ∈ Irr(O(V )) with θψ,V,W (σ˜) 6= 0, we have
θψ,V,W (σ˜)
∨ ∼= θψ,−V,W (σ˜∨) ∼= θψ−1,V,W (σ˜).
We put π˜ = θψ,V,W (σ˜). Let φσ ∈ Φ˜(SO(V )) be a representation of WDF associated to σ = σ˜|SO(V ). We
put ησ = ιw(σ), φ = Lψ(π˜∨) and η = ιψ(π˜∨). Then by Corollary 3.8, we have
φσ = φ⊗ χ−c and ησ = η−c,
where η−c is the character defined from φ and η as in Theorem 3.7.
4. Some conjectures
In this section, we explicate the statements of the local (Gan–)Gross–Prasad conjecture for the orthogonal
case and the symplectic-metaplectic case as well as Prasad’s conjectures on the local theta correspondence
for (Sp(W2n),O(V2m)) with
|2m− (2n+ 1)| = 1.
4.1. The local Gross–Prasad conjecture. In this subsection, we state the local Gross–Prasad conjecture
(local Gan–Gross–Prasad conjecture for the orthogonal case) proven by Waldspurger [47, 48, 50, 51] and
Mœglin–Waldspurger [35].
Let V be an orthogonal space over F and V ′ be a non-degenerate subspace of V with codimension
one. Assume that both SO(V ) and SO(V ′) are quasi-split. Let V even and V odd be in {V, V ′} such that
dim(V even) ∈ 2Z and dim(V odd) 6∈ 2Z.
Let φM : WDF → Sp(M) and φN : WDF → O(N) be elements in Φ˜(SO(V odd)) and Φ˜(SO(V even)), re-
spectively. Following [12, §6], for semi-simple elements a ∈ CM and b ∈ C+N , we put
χN (a) = ε(M
a ⊗N) det(Ma)(−1)dimC(N)/2 det(N)(−1)dimC(Ma)/2,
χM (b) = ε(M ⊗N b) det(M)(−1)dimC(N
b)/2 det(N b)(−1)dimC(M)/2.
By [12, Theorem 6.2], χN and χM define characters on AM and on A
+
N , respectively.
We say that a pure inner form G1 = SO(V1)× SO(V ′1) of G is relevant if V ′1 is a non-degenerate subspace
of V1 and V1/V
′
1
∼= V/V ′ as orthogonal spaces. Then there is a natural embedding SO(V ′1 ) →֒ SO(V1). Hence
we have a diagonal embedding
∆: SO(V ′1) →֒ SO(V ′1)× SO(V1).
The Gan–Gross–Prasad conjecture for the orthogonal case is as follows:
Conjecture 4.1 (B). Let φM : WDF → Sp(M) and φN : WDF → O(N) be in Φ˜gen(SO(V odd)) and in
Φ˜gen(SO(V
even)), respectively. We take σM ∈ ΠφM and [σN ] ∈ ΠφN such that σ = σM⊠σN is a representation
of a relevant pure inner form G1 = SO(V
odd
1 )× SO(V even1 ) of G. Then one has
Hom∆SO(V ′1)(σ,C) 6= 0⇐⇒ ιw(σM )× ιwc([σN ]) = χN × χM ,
where c = −disc(V odd)/disc(V even).
Let ε ∈ O(V ′1) \ SO(V ′1). We can extend σM to σ˜M ∈ Irr(O(V odd1 )). If f ∈ Hom∆SO(V ′1)(σM ⊠ σN ,C),
then we have f ◦ (σ˜M (ε) ⊗ id) ∈ Hom∆SO(V ′1 )(σM ⊠ σεN ,C). Hence, (B) is independent of the choice of a
representative of [σN ].
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4.2. The local Gan–Gross–Prasad conjecture for the symplectic-metaplectic case. We fix a non-
trivial additive character ψ of F . Let W be a symplectic space over F , and V1 be an orthogonal space over
F with dim(V1) = 1 and disc(V1) = 1. Hence there exists v ∈ V1 such that 〈v, v〉V1 = 2. Then the space
V1 ⊗W has a symplectic form
〈·, ·〉V1 ⊗ 〈·, ·〉W .
Let ωψ be the Weil representation of S˜p(V1 ⊗W ) = S˜p(W ) given by the unique irreducible representation of
the Heisenberg group H(V1⊗W ) associated to the symplectic space (V1⊗W, 〈·, ·〉V1 ⊗〈·, ·〉W ) = (W, 2〈·, ·〉W )
with the central character ψ.
Let φM : WDF → Sp(M) and φN : WDF → SO(N) be elements in Φ˜(S˜p(W )) and in Φ˜(Sp(W )), respec-
tively. We put N1 = N ⊕ C, which is an orthogonal representation of WDF with even dimension. We may
regard A+N as a subgroup of A
+
N1
. Note that (A+N1 : A
+
N ) ≤ 2. Following [12, §6], for semi-simple elements
a ∈ CM and b ∈ C+N1 , we put
χN1(a) = ε(M
a ⊗N1) det(Ma)(−1)dimC(N1)/2 det(N1)(−1)dimC(Ma)/2,
χM (b) = ε(M ⊗N b1 ) det(M)(−1)dimC(N
b
1)/2 det(N b1)(−1)dimC(M)/2.
By [12, Theorem 6.2], χN1 and χM define characters on AM and on A
+
N1
, respectively.
The identity map and the projection map give a diagonal map
∆: S˜p(W )→ S˜p(W )× Sp(W ).
The local Gan–Gross–Prasad conjecture for the symplectic-metaplectic case is as follows:
Conjecture 4.2 (FJ). Let φM : WDF → Sp(M) and φN : WDF → SO(N) be in Φ˜gen(S˜p(W )) and in
Φ˜gen(Sp(W )), respectively. We denote by ΠφM ⊂ Irr(S˜p(W )) the inverse image of φM under the map Lψ.
Then for π˜ ∈ ΠφM and π ∈ ΠφN , one predicts
Hom∆S˜p(W )((π˜ ⊠ π)⊗ ωψ,C) 6= 0⇐⇒ ιψ(π˜)× ιw′1(π) = χN1 × χM |A+φ .
There is a conjecture for general codimension cases (Conjectures 17.1 and 17.3 in [12]). However, by [12,
Theorem 19.1], the general codimension cases are reduced to the basic case (FJ).
4.3. Prasad’s conjectures. We consider the theta correspondences for (Sp(W2n),O(V2n+2)) and (O(V2n), Sp(W2n)).
Let V + = V +2m be an orthogonal space with dim(V
+
2m) = 2m and type (d, c). We denote by V
− = V −2m an
orthogonal space such that dim(V −2m) = dim(V
+
2m) = 2m and disc(V
−
2m) = disc(V
+
2m) but V
−
2m 6∼= V +2m. Note
that SO(V +2m) is quasi-split, and SO(V
−
2m) is the non-trivial pure inner form of SO(V
+
2m) (if V
−
2m exists). We
put χV = χV2m .
First, we let m = n+ 1. The following proposition is a special case of [14, Theorem C.5].
Proposition 4.3. Let φ ∈ Φ˜(Sp(W2n)) and put
φ′ = (φ⊗ χV )⊕ 1 ∈ Φ˜(SO(V +2n+2)).
(1) If φ does not contain χV , then
• θψ,V •2n+2,W2n(π) is nonzero for any π ∈ Πφ and • = ±;
• σ := θψ,V •2n+2,W2n(π)|SO(V •2n+2) is irreducible and [σ] ∈ Πφ′ ;
• the theta correspondence gives a bijection
θψ,V •2n+2,W2n : Πφ → Πφ′ ∩ Irr(SO(V •2n+2)).
(2) If φ contains χV , then
• exactly one of θψ,V +2n+2,W2n(π) and θψ,V −2n+2,W2n(π) is nonzero for any π ∈ Πφ;
• if θψ,V •2n+2,W2n(π) 6= 0, then σ := θψ,V •2n+2,W2n(π)|SO(V •2n+2) is irreducible and [σ] ∈ Πφ′ ;
• the theta correspondence gives a bijection
θψ,V •2n+2,W2n : Πφ → Πφ′ .
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There is a canonical injective map
A+φ → A+φ′ .
It is bijective if and only if φ contains χV . This map induces a surjection of the character groups
Â+φ ← Â+φ′ .
The first conjecture of Prasad (P1) predicts the behavior of characters associated to π and θψ,V •2n+2,W2n(π).
Conjecture 4.4 (P1). Let φ ∈ Φ˜(Sp(W2n)) and put φ′ = (φ ⊗ χV ) ⊕ 1 ∈ Φ˜(SO(V +2n+2)). For π ∈ Πφ, we
take σ = θψ,V •2n+2,W2n(π)|SO(V •2n+2) such that σ 6= 0, so that [σ] ∈ Πφ′ . Then one predicts
ιwc0 ([σ])|A+φ = ιw′c0 (π)
for c0 ∈ F×. Namely, the diagram
Πφ
θψ,V •
2n+2
,W2n−−−−−−−−−→ Πφ′
ι
w′c0
y yιwc0
Â+φ ←−−−− Â+φ′
is commutative.
Note that the maps θψ,V •2n+2,W2n and ιw′c0 depend on the choice of ψ, but the maps ιwc0 and Â
+
φ ← Â+φ′
do not.
Next, we let m = n. The following proposition is a special case of [14, Theorem C.5].
Proposition 4.5. Let φ′ ∈ Φ˜(SO(V +2n)) and put
φ = (φ′ ⊗ χV )⊕ χV ∈ Φ˜(Sp(W2n)).
(1) If φ′ does not contain 1, then
• θψ,V •2n,W2n(σ˜) is nonzero for any [σ] ∈ Πφ′ and any irreducible constituent σ˜ of Ind
O(V •2n)
SO(V •2n)
(σ);
• θψ,V •2n,W2n(σ˜) is irreducible and belongs to Πφ;• the theta correspondence gives a bijection
θψ,V •2n,W2n :
⊔
[σ]∈Πφ′
{
σ˜ ⊂ IndO(V •2n)SO(V •2n)(σ)
}
←→ Πφ.
(2) If φ′ contains 1, then
• for any [σ] ∈ Πφ′ , there exists a unique extension σ˜ of σ to O(V •2n) such that θψ,V •2n,W2n(σ˜) is
nonzero;
• if θψ,V •2n,W2n(σ˜) 6= 0, then θψ,V •2n,W2n(σ˜) is irreducible and belongs to Πφ;• the theta correspondence gives a bijection
θψ,V •2n,W2n : Πφ′ ←→ Πφ.
Note that for [σ] ∈ Πφ′ , the induction IndO(V
•
2n)
SO(V •2n)
(σ) does not depend on the choice of a representative σ
by Lemma 2.3 (1). Also, if φ′ contains 1, then φ′ is ε-invariant so that the order of [σ] is one and there are
exactly two extensions of σ to O(V •2n) (see Table 2 in §3.5).
There is a canonical injective map
A+φ′ → A+φ .
It is not bijective if and only if φ′ is ε-invariant and does not contain 1. This map induces a surjection of the
character groups
Â+φ′ ← Â+φ .
We put
Π˜φ′ =
⊔
[σ]∈Πφ′
{
σ˜ ⊂ IndO(V •2n)SO(V •2n)(σ) | θψ,V •2n,W2n(σ˜) 6= 0
}
⊂
⊔
V •2n
Irr(O(V •2n)).
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If σ˜ is an irreducible constituent of Ind
O(V •2n)
SO(V •2n)
(σ), then the image of σ˜ under the map
Irr(O(V ))→ Irr(O(V ))/ ∼det 1:1−−→ Irr(SO(V ))/ ∼ε
is [σ]. Here, the last map is given by the restriction. See §2.5. We define a map ιwc0 : Π˜φ′ → Â+φ′ by
ιwc0 (σ˜) := ιwc0 ([σ]) for c0 ∈ F×.
The second conjecture of Prasad (P2) predicts the behavior of characters associated to σ˜ and θψ,V •2n,W2n(σ˜).
Conjecture 4.6 (P2). Let φ′ ∈ Φ˜(SO(V +2n)) and put φ = (φ ⊗ χV ) ⊕ χV ∈ Φ˜(Sp(W2n)). For [σ] ∈ Πφ′ , we
take an irreducible constituent σ˜ ⊂ IndO(V •2n)SO(V •2n)(σ) such that π = θψ,V •2n,W2n(σ˜) is nonzero, so that π ∈ Πφ.
Then one predicts
ιw′c0 (π)|A
+
φ′ = ιwc0 (σ˜) = ιwc0 ([σ])
for c0 ∈ F×. Namely, the diagram
Π˜φ′
θψ,V •2n,W2n−−−−−−−→ Πφ
ιwc0
y yιw′c0
Â+φ′ ←−−−− Â+φ
is commutative.
Note that the maps θψ,V •2n,W2n and ιw′c0 depend on the choice of ψ, but the maps ιwc0 and Â
+
φ ← Â+φ′ do
not.
Remark 4.7. Conjectures (P1) and (P2) may be slightly different from ones in [37]. The difference comes
from the choice of the splitting Sp(W2n)×O(V2m)→ S˜p(W2n ⊗ V2m). We use the splitting in [31]. See also
explicit formulas for the Weil representations below (Lemmas 6.2, 6.3 and 6.4).
In this paper, we show (FJ), (P1) and (P2) under some assumptions.
Propositions 4.3 and 4.5 imply Proposition 3.3.
Proof of Proposition 3.3. Let φ′ ∈ Φ˜(SO(V +2n)). If φ′ contains 1, by Proposition 4.3, any element in Πφ′ is
the restriction of an irreducible representation of O(V •2n). Hence, φ
′ is ε-invariant and Πφ′ consists of orbits
of an ε-invariant element.
Suppose that φ′ does not contain 1. In this case,
Π˜φ′ =
 σ˜ ∈ ⊔
V •2n
Irr(O(V •2n))
∣∣∣∣∣∣ σ˜ ⊂ IndO(V •2n)SO(V •2n)(σ) for some [σ] ∈ Πφ′
 .
It suffices to show that #Π˜φ′ = r ·#Πφ′ , where
r =
{
2 if φ′ is ε-invariant,
1 otherwise.
Put φ = (φ′ ⊗ χV ) ⊕ χV ∈ Φ˜(Sp(W2n)) as in Proposition 4.5. Then Proposition 4.5 says that the theta lift
gives a bijection Π˜φ′ → Πφ. Hence #Π˜φ′ = #Πφ. On the other hand, we have #A+φ = r ·#A+φ′ (see §3.4 and
§3.5). Therefore we have
#Π˜φ′ = #Πφ = #A
+
φ = r ·#A+φ′ = r ·#Πφ′ ,
as desired. This completes the proof. 
5. Reductions to (P1) for tempered L-parameters
In this section, we reduce (P1), (P2) and Theorem 1.3 to (P1) for tempered representations. Through this
section, we assume (P1) for tempered representations.
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5.1. Some lemmas. Let Sp(W2n) and SO(V2n+2) be quasi-split symplectic and special orthogonal groups,
respectively. We put χV = χV2n+2 . To prove Theorem 1.3, we need the following two lemmas.
Lemma 5.1. Let φ ∈ Φ˜gen(Sp(W2n)) and put φ′ = (φ⊗χV )⊕ 1 ∈ Φ˜(SO(V2n+2)). Then φ′ is generic if and
only if the local twisted L-function L(s, φ⊗ χV ) is regular at s = 1.
Proof. Since Ad ◦ φ′ = (Ad ◦ φ)⊕ (φ⊗ χV ), we have
L(s, φ′,Ad) = L(s, φ,Ad) · L(s, φ⊗ χV ).
The assertion follows from this equation and (GPR) for Sp(W2n) and SO(V2n+2). 
Lemma 5.2. Let φ ∈ Φ˜(Sp(W2n)) and π ∈ Πφ. Assume that φ′ = (φ⊗ χV )⊕ 1 ∈ Φ˜(SO(V2n+2)) is generic.
Then the big theta lift Θψ,V •2n+2,W2n(π)|SO(V •2n+2) is irreducible (if it is nonzero). Hence,
Θψ,V •2n+2,W2n(π)|SO(V •2n+2) = θψ,V •2n+2,W2n(π)|SO(V •2n+2).
Proof. If φ is tempered, the assertion is in Proposition 2.4. In general, we may write
φ = φ1 ⊕ · · · ⊕ φr ⊕ φ0 ⊕ φ∨r ⊕ · · · ⊕ φ∨1 ,
as in §3.4. Note that the canonical map A+φ0 → A+φ is an isomorphism. Let π ∈ Πφ. Then π is the unique
irreducible quotient of the standard module
Ind
Sp(W2n)
Q (τ1χV | det |s1F ⊗ · · · ⊗ τrχV | det |srF ⊗ π0),
where τiχV is the tempered representation of GLki(F ) associated to φ
′
i, and π0 ∈ Πφ0 with ιw′c0 (π)|A
+
φ0
=
ιw′c0 (π0). Here, if n0 = 0, then we ignore π0. By [14, Proposition C.4 (ii)], we have a surjection
Ind
O(V •2n+2)
P (τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗Θψ,V •2n0+2,W2n0 (π0))։ Θψ,V •2n+2,W2n(π).
Here, if n0 = 0, then we interpret Θψ,V2n0+2,W2n0 (π0) to be the trivial representation of O(V2). In particular,
if Θψ,V •2n+2,W2n(π) is nonzero, then so is Θψ,V •2n0+2,W2n0
(π0). By a similar argument to Lemma 2.3 (3), we
have
Ind
O(V •2n+2)
P (τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗Θψ,V •2n0+2,W2n0 (π0))|SO(V
•
2n+2)
∼= IndSO(V
•
2n+2)
P◦ (τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗Θψ,V •2n0+2,W2n0 (π0)|SO(V
•
2n0+2)).
Since φ′ is generic, by [35, p. 40 The´ore`me (i)], this standard module is irreducible. Therefore the quotient
Θψ,V •2n+2,W2n(π)|SO(V •2n+2) is also irreducible. 
5.2. Existence of (FJ). In this subsection, we prove the following proposition.
Proposition 5.3. Let
φM : WDF → Sp(M) and φN : WDF → SO(N)
be in Φ˜gen(S˜p(W2n)) and in Φ˜gen(Sp(W2n)), respectively. Assume (P1) and that
• L(s, φN ⊗ χd) is regular at s = 1 for some d ∈ F×.
Then there exist π˜ ∈ ΠφM = L−1ψ (φM ) and π ∈ ΠφN such that
Hom
∆S˜p(W2n)
((π˜ ⊠ π)⊗ ωψ,C) 6= 0.
Proof. We consider the following see-saw diagram:
S˜p(W2n)×{±1} S˜p(W2n) O(V2n+2)
Sp(W2n)
❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
O(V2n+1)×O(V1)
❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱
with disc(V1) = −1.
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Note that dimC(M) = 2n and dimC(N) = 2n+ 1. We put
(φσ, Nσ) = ((φN ⊗ χd)⊕ 1, (N ⊗ χd)⊕ C) and (φτ ,Mτ) = (φM ⊗ χd,M ⊗ χd).
Then φσ is an ε-invariant element in Φ˜(SO(V2n+2)) with disc(V2n+2) = d, and φτ ∈ Φ˜(SO(V2n+1)) with
disc(V2n+1) = d. Moreover, by Lemma 5.1 and (GPR) for SO(V2n+1), we see that φσ and φτ are generic.
By (B), there are a pair of orthogonal spaces V2n+1 ⊂ V2n+2, and [σ] ∈ Πφσ ∩ Irr(SO(V2n+2))/ ∼ε, τ ∈
Πφτ ∩ Irr(SO(V2n+1)) such that
Hom∆SO(V2n+1)(σ ⊗ τ,C) 6= 0.
If we denote the orthogonal complement of V2n+1 in V2n+2 by V1, then we have
disc(V1) = −disc(V2n+2)/disc(V2n+1) = −1.
By Proposition 4.3 and (the proof of) Lemma 5.2, we can find π ∈ ΠφN such that
Θψ,V2n+2,W2n(π)|SO(V2n+2) = σ.
We claim that there exists an extension τ• of τ to O(V2n+1) such that
Hom∆O(V2n+1)(Θψ,V2n+2,W2n(π)⊗ τ•,C) 6= 0.
Let ε = −1 be the non-trivial element in the center of O(V2n+1), so that ε 6∈ SO(V2n+1). Then there exist
two extensions τ+ and τ− of τ to O(V2n+1) such that τ±(ε) = ±1. For f ∈ Hom∆SO(V2n+1)(σ ⊗ τ,C) with
f 6= 0, we put
f± = f ◦ (Θψ,V2n+2,W2n(π)(ε)⊗ τ±(ε)).
We see that
f± ∈ Hom∆SO(V2n+1)(σ ⊗ τ,C).
Moreover we have (f±)± = f and f− = −f+. Since dimCHom∆SO(V2n+1)(σ ⊗ τ,C) = 1 by [1] and [49], we
have f± = a± · f for some a± ∈ {±1}. If f• = f , then f ∈ Hom∆O(V2n+1)(Θψ,V2n+2,W2n(π) ⊗ τ•,C). Hence
this Hom space is nonzero.
By the see-saw identity, we see that
HomSp(W2n)(Θψ,V2n+1,W2n(τ•)⊗ ω−ψ, π) ∼= HomO(V2n+1)(Θψ,V2n+2,W2n(π), τ•)
∼= Hom∆O(V2n+1)(Θψ,V2n+2,W2n(π) ⊗ τ•,C) 6= 0,
since τ∨•
∼= τ•.
Putting π˜ := Θψ,V2n+1,W2n(τ•), we see that
HomSp(W2n)(π
∨ ⊗ π˜ ⊗ ωψ,C) 6= 0.
Note that π ∈ ΠφN implies that π∨ ∈ ΠφN . By Lemma 3.14, we see that π˜ is irreducible. Moreover, by
Corollary 3.8, we have π˜ ∈ ΠφM . This completes the proof. 
5.3. Uniqueness of (FJ). In this subsection, we prove the following proposition.
Proposition 5.4. Let φM and φN be as in Proposition 5.3. Assume (P1) and that L(s, φN ⊗ χd) is regular
at s = 1 for some d ∈ F×. Let π˜ ∈ ΠφM = L−1ψ (φM ) and π ∈ ΠφN . If they satisfy
Hom∆S˜p(W2n)((π˜ ⊠ π)⊗ ωψ,C) 6= 0,
then we have
ηπ˜ × ηπ = χN1 × χM |A+φ ,
where we put ηπ˜ = ιψ(π˜) and ηπ = ιw′1(π).
Proof. Note that
Hom
∆S˜p(W2n)
((π˜ ⊠ π)⊗ ωψ,C) 6= 0⇐⇒ HomSp(W2n)(π˜ ⊗ ω−ψ, π∨) 6= 0.
There exists a unique orthogonal space V2n+1 such that dim(V2n+1) = 2n+ 1, disc(V2n+1) = d and
θψ,V2n+1,W2n(τ) = π˜
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for some τ ∈ Irr(O(V2n+1)). Let φτ : WDF → Sp(Mτ ) be the element in Φ˜(SO(V2n+1)) associated to
τ |SO(V2n+1) and ητ = ιw(τ |SO(V2n+1)) ∈ Âφτ . Then by Corollary 3.8, we have
Mτ =M ⊗ χd, ητ (a) = ηπ˜(a)ε(Ma)ε(Ma ⊗ χd)χd(−1)dimC(M
a)/2.
Let V2n+2 = V2n+1 ⊕ V1 with dim(V1) = 1 and disc(V1) = −1. Then we have dim(V2n+2) = 2n + 2 and
disc(V2n+2) = −disc(V2n+1) · disc(V1) = d. By the see-saw argument, we have
0 6= HomSp(W2n)(π˜ ⊗ ω−ψ, π∨)
∼= HomO(V2n+1)(Θψ,V2n+2,W2n(π∨), τ)
∼= Hom∆O(V2n+1)(Θψ,V2n+2,W2n(π∨)⊗ τ,C)
⊂ Hom∆SO(V2n+1)(Θψ,V2n+2,W2n(π∨)⊗ τ,C)
since τ∨ ∼= τ . We write σ˜ = Θψ,V2n+2,W2n(π∨). Since Hom∆O(V2n+1)(σ˜ ⊗ τ,C) 6= 0, we have σ˜ 6= 0, and so
that σ˜ ∈ Irr(O(V2n+2)) by Lemmas 5.1 and 5.2. Let φσ : WDF → O(Nσ) be the element in Φ˜(SO(V2n+2))
associated to [σ] and put ησ = ιw1([σ]) ∈ Â+φσ , where σ := σ˜|SO(V2n+2) ∈ Irr(SO(V2n+2)). Then by (P1), we
have
Nσ = (N ⊗ χd)⊕ C and ησ|A+φN = ηπ∨ ,
where we put ηπ∨ = ιw′1(π
∨).
By (GPR) for SO(V2n+1) and Lemma 5.1, we see that φτ ∈ Φ˜gen(SO(V2n+1)) and φσ ∈ Φ˜gen(SO(V2n+2)).
Since Hom∆SO(V2n+1)(σ ⊗ τ,C) 6= 0 and −disc(V2n+1)/disc(V2n+2) = −1, by (B), we see that
ητ (a) · ιw−1([σ])(b) = ε(Maτ ⊗Nσ) det(Maτ )(−1)dimC(Nσ)/2 det(Nσ)(−1)dimC(M
a
τ )/2
× ε(Mτ ⊗N bσ) det(Mτ )(−1)dimC(N
b
σ)/2 det(N bσ)(−1)dimC(Mτ )/2
for a ∈ Aφτ and b ∈ A+φσ .
Now, for a ∈ AφM = Aφτ , we have
ε(Maτ ⊗Nσ) = ε((Ma ⊗ χd)⊗ ((N ⊗ χd)⊕ C)) = ε(Ma ⊗N)ε(Ma ⊗ χd)
= ε(Ma ⊗N1)ε(Ma)ε(Ma ⊗ χd),
det(Maτ ) = det(M
a) = 1, dimC(M
a
τ ) = dimC(M
a).
For b ∈ A+φN ⊂ A+φσ , we have N bσ = N b ⊗ χd and N b1 = N b. Hence we have
ε(Mτ ⊗N bσ) = ε((M ⊗ χd)⊗ (N b ⊗ χd)) = ε(M ⊗N b1),
det(N bσ) = det(N
b) = det(N b1), dimC(N
b
σ) = dimC(N
b
1 ).
Moreover we have
det(Nσ) = det(N)χd = det(N1)χ−d, dimC(Nσ) = dimC(N) + 1 = dimC(N1).
Finally, by Proposition 3.4 and Corollary 3.2, we have
ιw−1([σ])(b) = ησ(b) det(N
b
σ)(−1) = ιw′1(π∨)(b) det(N b)(−1) = ηπ(b).
Therefore we have
(ηπ˜(a)ε(M
a)ε(Ma ⊗ χd)χd(−1)dimC(Ma)/2) · ηπ(b)
= (ε(Ma ⊗N1)ε(Ma)ε(Ma ⊗ χd)) det(Ma)(−1)dimC(N1)/2(det(N1)χd)(−1)dimC(Ma)/2
× ε(M ⊗N b1) det(M)(−1)dimC(N
b
1 )/2 det(N b1)(−1)dimC(M)/2.
This gives the desired equation for ηπ˜(a)ηπ(b). 
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5.4. (P1) and (P2) for tempered cases ⇒ those for general cases. Obviously, (P1) (resp. (P2)) is true
for φ ∈ Φ˜(Sp(W2n)) (resp. φ′ ∈ Φ˜(SO(V2n))) such that A+φ = 1 (resp. A+φ′ = 1). Therefore, (P1) (resp. (P2))
for φ ∈ Φ˜(Sp(W2n)) \ Φ˜temp(Sp(W2n)) (resp. φ′ ∈ Φ˜(SO(V2n)) \ Φ˜temp(SO(V2n))) follows from the tempered
case and the compatibility of the local Langlands correspondence, the Langlands quotients and the local
theta correspondence. See §3.4, §3.5 and [14, Proposition C.4 (ii)].
5.5. Proof of (P2) for tempered cases. In this subsection, we show that (P1) implies (P2).
Let V = V2n and W =W2n. We put d = disc(V ) so that χV = χd. Let φ
′ ∈ Φ˜temp(SO(V )) and put
φ = (φ′ ⊗ χd)⊕ χd ∈ Φ˜temp(Sp(W )).
Let [σ] ∈ Πφ′ . Take an irreducible constituent σ˜ of IndO(V
•)
SO(V •)(σ) such that the theta lift π = Θψ,V •,W (σ˜) is
nonzero, so that π ∈ Πφ. Fix c0 ∈ F×. We have to show that
ιw′c0
(π)|A+φ′ = ιwc0 ([σ]).
We define an orthogonal space V •1 by V
•
1 = Fe ⊕ V • ⊕ Fe∗ equipped with the pairing 〈·, ·〉V •1 which
is an extension of 〈·, ·〉V • and satisfies 〈e, e〉V •1 = 〈e∗, e∗〉V •1 = 0 and 〈e, e∗〉V •1 = 1. Consider the theta
correspondence for (Sp(W ),O(V •1 )). Let ω = ωψ,V •,W and ω1 = ωψ,V •1 ,W be Weil representations of Sp(W )×
O(V •) and Sp(W ) × O(V •1 ), respectively. Let P = MPUP be the maximal parabolic subgroup of O(V •1 )
stabilizing Fe, where MP is the Levi component of P stabilizing Fe
∗. Note that MP ∼= GL(1, F )× O(V •).
By an explicit formula of the Weil representation (Lemma 6.4 below), we see that there exists a surjective
Sp(W )× P -homomorphism
ω1 → ω ⊠ | · |nF .
Here, UP acts on ω⊠ | · |nF trivially. In particular, if π ∈ Irr(Sp(W )) participates in the theta correspondence
with O(V •), then π does in the theta correspondence with O(V •1 ). See also [34, p. 67] and [32, III. 4].
We put σ˜1 = Θψ,V •1 ,W (π) to be the theta lift to O(V
•
1 ) and σ1 = σ˜1|SO(V •1 ). As we have seen, this is
nonzero, so that σ1 is irreducible by Propositions 2.4 and 4.3. There exists an exact sequence of Sp(W ) ×
O(V •1 )-modules:
1 −−−−→ S1[π] −−−−→ ω1 −−−−→ π ⊠ σ˜1 −−−−→ 1,
where the kernel S1[π] is given by
S1[π] =
⋂
f∈HomSp(W )(ω1,π)
ker(f).
On the other hand, there exists a surjective Sp(W )× P -homomorphism
ω1 → ω ⊠ | · |nF → π ⊠ σ˜ ⊠ | · |nF .
Since this map kills S1[π], the diagram
1

S1[π]

// 0

ω1

// // ω ⊠ | · |nF // // π ⊠ σ˜ ⊠ | · |nF
π ⊠ σ˜1

44❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
1
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gives a surjective Sp(W )× P -homomorphism
π ⊠ (σ˜1|P )→ π ⊠ σ˜ ⊠ | · |nF .
In particular, we get a nonzero P -homomorphism
σ˜1|P → σ˜ ⊠ | · |nF .
This implies that
HomSO(V •1 )(σ1, Ind
SO(V •1 )
P◦ (σ ⊠ 1))
∼= HomP◦(σ1|P ◦, σ ⊠ | · |nF )
is nonzero. Note that the induction Ind
SO(V •1 )
P◦ (σ ⊠ 1) does not depend on the choice of a representative of
[σ] by Lemma 2.3 (2). Hence we have
ιwc0 ([σ1])|A+φ′ = ιwc0 ([σ]).
Since ιwc0 ([σ1])|A+φ = ιw′c0 (π) by (P1) and A
+
φ′ ⊂ A+φ , we have
ιw′c0 (π)|A
+
φ′ = (ιwc0 ([σ1])|A+φ )|A+φ′ = ιwc0 ([σ1])|A+φ′ = ιwc0 ([σ]),
as desired.
6. Preparations for the proof of (P1) for tempered L-parameters
Let V = V2m and W = W2n. To prove (P1) for tempered L-parameters, we need to introduce more
notation.
6.1. Haar measures. Let k be a positive integer. As in §2.4, we put
V ′ = X + V +X∗, W ′ = Y +W + Y ∗
with X = Xk, X
∗ = X∗k ⊂ V ′ and Y = Yk, Y ∗ = Y ∗k ⊂ W ′. Hence dim(V ′) = 2m′ := 2(m + k) and
dim(W ) = 2n′ := 2(n+ k). Let P = Pk =MPUP ⊂ O(V ′) and Q = Qk =MQUQ ⊂ Sp(W ′) be the parabolic
subgroups defined in §2.4. Hence MP ∼= GL(X) × O(V ) and MQ ∼= GL(Y ) × Sp(W ). We need to choose
Haar measures on various groups. In particular, we shall define Haar measures on UP and UQ as follows.
Recall the symplectic form 〈·, ·〉 = 〈·, ·〉V ′ ⊗ 〈·, ·〉W ′ on V ′ ⊗W ′ over F , and the maps IX : X∗ → X and
IY : Y
∗ → Y . We consider the following spaces and pairings:
• (x, y) 7→ ψ(〈x, I−1Y y〉) for x, y ∈ V ′ ⊗ Y ;
• (x, y) 7→ ψ(〈x, IY y〉) for x, y ∈ V ′ ⊗ Y ∗;
• (x, y) 7→ ψ(〈x, IY y〉) for x, y ∈ V ⊗ Y ∗;
• (x, y) 7→ ψ(〈I−1X x, y〉) for x, y ∈ X ⊗W ;
• (x, y) 7→ ψ(〈IXx, y〉) for x, y ∈ X∗ ⊗W ;
• (x, y) 7→ ψ(〈I−1X x, IY y〉) for x, y ∈ X ⊗ Y ∗;
• (x, y) 7→ ψ(〈IXx, I−1Y y〉) for x, y ∈ X∗ ⊗ Y ;
• (x, y) 7→ ψ(〈IXx, IY y〉) for x, y ∈ X∗ ⊗ Y ∗.
On these spaces, we take the self-dual Haar measures with respect to these pairings. Put
e∗∗ = v∗1 ⊗ w∗1 + · · ·+ v∗k ⊗ w∗k ∈ X∗ ⊗ Y ∗.
• We transfer the Haar measure on V ⊗ Y ∗ to Hom(V,X) via the isomorphism b 7→ b∗e∗∗ for b ∈
Hom(V,X).
• We transfer the Haar measure on X∗ ⊗W to Hom(W,Y ) via the isomorphism b 7→ b∗e∗∗ for b ∈
Hom(W,Y ).
Furthermore:
• We transfer the Haar measure on X ⊗ Y ∗ to Hom(X∗, X) via the isomorphism c 7→ ce∗∗ for c ∈
Hom(X∗, X). This Haar measure on Hom(X∗, X) is self-dual with respect to the pairing (c1, c2) 7→
ψ(〈I−1X c1e∗∗, IY c2e∗∗〉).
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• We take the Haar measure
|2|−
k(k−1)
4
F dc
on Sym(X∗, X), where dc is the self-dual Haar measure with respect to the pairing (c1, c2) 7→
ψ(〈I−1X c1e∗∗, IY c2e∗∗〉).
• We transfer the Haar measure on X∗ ⊗ Y to Hom(Y ∗, Y ) via the isomorphism c 7→ ce∗∗ for c ∈
Hom(Y ∗, Y ). This Haar measure on Hom(Y ∗, Y ) is self-dual with respect to the pairing (c1, c2) 7→
ψ(〈IXc1e∗∗, I−1Y c2e∗∗〉).
• We take the Haar measure
|2|−
k(k−1)
4
F dc
on Sym(Y ∗, Y ), where dc is the self-dual Haar measure with respect to the pairing (c1, c2) 7→
ψ(〈IXc1e∗∗, I−1Y c2e∗∗〉).
Then:
• We take the Haar measure du = dbdc on UP for u = uP (b)uP (c) = uP (c)uP (b) with b ∈ Hom(V,X)
and c ∈ Sym(X∗, X).
• Similarly, we define the Haar measure on UQ.
We note the following Fourier inversion formula:
Lemma 6.1. For ϕ ∈ S(X ⊗ Y ∗), we have∫
Sym(Y ∗,Y )
(∫
Hom(X∗,X)
ϕ(xe∗∗)ψ(〈xe∗∗, c′e∗∗〉)dx
)
dc′ =
∫
Sym(X∗,X)
ϕ(ce∗∗)dc.
Proof. The proof is similar to that of [15, Lemma 7.1]. 
6.2. Weil representations. We recall some explicit formulas for the Weil representations. Recall that V ′
and W ′ have decompositions
V ′ = X + V +X∗, W ′ = Y +W + Y ∗
with 2m = dim(V ), 2n = dim(W ), 2m′ = dim(V ′), 2n′ = dim(W ′) and k = dim(X) = dim(Y ). We
decompose W = Yn + Y
∗
n as in §2.3. We have fixed a non-trivial additive character ψ of F .
Let H(W ) =W ⊕ F be the associated Heisenberg group, i.e., the multiplication law is given by
(w, t) · (w′, t′) =
(
w + w′, t+ t′ +
1
2
〈w,w′〉W
)
for w,w′ ∈ W and t, t′ ∈ F . Let ρ be the Heisenberg representation of H(W ) on S(Y ∗n ) with the central
character ψ. Namely,
ρ(y + y′, t)ϕ(y′1) = ψ(t+ 〈y′1, y〉W +
1
2
〈y′, y〉W )ϕ(y′1 + y′)
for ϕ ∈ S(Y ∗n ), y ∈ Yn, y′, y′1 ∈ Y ∗n and t ∈ F .
For simplicity, we write:
• ω for the Weil representation ωψ,V,W of Sp(W )×O(V ) on a space S;
• ω′ for the Weil representation ωψ,V ′,W of Sp(W )×O(V ′) on a space S ′;
• ω′′ for the Weil representation ωψ,V ′,W ′ of Sp(W ′)×O(V ′) on a space S ′′.
We take the Schro¨dinger model
S = S(V ⊗ Y ∗n )
of ω. We take a mixed model
S ′ = S ⊗ S(X∗ ⊗W ) = S(V ⊗ Y ∗n )⊗ S(X∗ ⊗W )
of ω′, where we regard S ′ as a space of functions on X∗ ⊗W with values in S. Similarly, we take a mixed
model
S ′′ = S(V ′ ⊗ Y ∗)⊗ S ′ = S(V ′ ⊗ Y ∗)⊗ S(V ⊗ Y ∗n )⊗ S(X∗ ⊗W )
of ω′′, where we regard S ′′ as a space of functions on V ′ ⊗ Y ∗ with values in S ′. Also, we write:
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• ρ for the Heisenberg representation of H(V ⊗W ) on S with the central character ψ;
• ρ′ for the Heisenberg representation of H(V ′ ⊗W ) on S ′ with the central character ψ.
Lemma 6.2. Let Qn = MQnUQn be the Siegel parabolic subgroup of Sp(W ) stabilizing Yn, and define
m(a′) = mQn(a
′) ∈ MQn and u(c′) = uQn(c′) ∈ UQn for a′ ∈ GL(Yn) and c′ ∈ Sym(Y ∗n , Yn) as in §2.4.
We put I = IQn ∈ Hom(Y ∗n , Yn) and w = wQn ∈ Sp(W ) as in §2.4. Then for ϕ ∈ S = S(V ⊗ Y ∗n ) and
x ∈ V ⊗ Y ∗n , we have
[ω(1, h)ϕ](x) = ϕ(h−1x), h ∈ O(V ),
[ω(m(a′), 1)ϕ](x) = χV (det(a
′))| det(a′)|mF ϕ(a′∗x), a′ ∈ GL(Yn),
[ω(u(c′), 1)ϕ](x) = ψ(
1
2
〈c′x, x〉)ϕ(x), c′ ∈ Sym(Y ∗n , Yn),
[ω(w, 1)ϕ](x) = γ−nV
∫
V⊗Yn
ϕ(I−1z)ψ(−〈z, x〉)dz.
Here, dz is the self-dual measure on V ⊗ Yn with respect to the pairing (x, y) 7→ ψ(〈y, I−10 x〉), and γV is a
4-th root of unity satisfying γ2V = χV (−1).
Proof. This formula is the Schro¨dinger model. 
Lemma 6.3. The mixed model S(V ′ ⊗ Y ∗) ⊗ S(V ′ ⊗ Y ∗n ) of ω′′ is given as follows: For ϕ = ϕ1 ⊗ ϕ′ ∈
S(V ′ ⊗ Y ∗)⊗ S(V ′ ⊗ Y ∗n ) and (x1, x′) ∈ (V ′ ⊗ Y ∗)× (V ′ ⊗ Y ∗n ), we have
[ω(g, h′)ϕ](x1, x
′) = ϕ1(h
′−1x1) · [ω′(g, h′)ϕ′](x′), (g, h′) ∈ Sp(W )×O(V ′),
[ω(mQ(a
′), 1)ϕ](x1, x
′) = χV (det(a
′))| det(a′)|m′F ϕ1(a′∗x1) · ϕ′(x′), a′ ∈ GL(Y ),
[ω(uQ(b
′), 1)ϕ](x1, x
′) = ϕ1(x1) · [ρ′(b′∗x1, 0)ϕ′](x′), b′ ∈ Hom(W,Y ),
[ω(uQ(c
′), 1)ϕ](x1, x
′) = ψ(
1
2
〈c′x1, x1〉)ϕ1(x1) · ϕ′(x′), c′ ∈ Sym(Y ∗, Y ),
[ω(wQ, 1)ϕ](x1, x
′) = γ−kV
∫
V ′⊗Y
ϕ(I−1Y z)ψ(−〈z, x1〉)dz · ϕ′(x′).
Proof. This formula is obtained by the canonical isomorphism
S(V ′ ⊗ (Y ∗ ⊕ Y ∗n ))→ S(V ′ ⊗ Y ∗)⊗ S(V ′ ⊗ Y ∗n ).

Lemma 6.4. For ϕ′ = ϕ2 ⊗ ϕ3 ∈ S ′ = S(V ⊗ Y ∗n )⊗ S(X∗ ⊗W ), we have
[ω′(g, h)ϕ′](x2, x3) = [ω(g, h)ϕ2](x2) · ϕ3(g−1x3), (g, h) ∈ Sp(W )×O(V ),
[ω′(1,mP (a))ϕ
′](x2, x3) = | det(a)|nFϕ2(x2) · ϕ3(a∗x3), a ∈ GL(X),
[ω′(1, uP (b))ϕ
′](x2, x3) = [ρ(b
∗x3, 0)ϕ2](x2) · ϕ3(x3), b ∈ Hom(V,X),
[ω′(1, uP (c))ϕ
′](x2, x3) = ψ(
1
2
〈cx3, x3〉)ϕ2(x2) · ϕ3(x3), c ∈ Sym(X∗, X),
[ω′(1, wP )ϕ
′](x2, x3) = ϕ2(x2) ·
∫
X⊗W
ϕ3(I
−1
X z)ψ(−〈z, x3〉)dz.
Moreover we have
[ρ′(v + v0 + v
∗, 0)ϕ′](x2, x3) = ψ(〈x3, v〉+ 1
2
〈v∗, v〉)[ρ(v0, 0)ϕ2](x2) · ϕ3(x3 + v∗)
for v ∈ X ⊗W , v0 ∈ V ⊗W and v∗ ∈ X∗ ⊗W .
Proof. These formulas are given by the partial Fourier transform
S(V ′ ⊗ Y ∗n )→ S(V ⊗ Y ∗n )⊗ S(X∗ ⊗W ), ϕ 7→ ϕˆ
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defined by
ϕˆ(x, y) =
∫
X⊗Y ∗n
ϕ(
 zx
y2
)ψ(−〈z, y1〉)dz
for x ∈ V ⊗ Y ∗n and y = y1 + y2 with y1 ∈ X∗ ⊗ Yn and y2 ∈ X∗ ⊗ Y ∗n . Here, dz is the self-dual measure on
X ⊗ Y ∗n with respect to the pairing (x, y) 7→ ψ(〈I−1X x, Iy〉). 
In particular, the map S ′ ∋ ϕ 7→ ϕ(·, 0) ∈ S gives a surjective Sp(W )× P -homomorphism
ω′ → ω ⊗ | det |nF ,
where P =MPUP is the parabolic subgroup defined in §2.4 such that MP ∼= GL(X)×O(V ). Here, UP acts
on ω ⊠ | det |nF trivially. This fact was used in §5.5.
By the above lemmas, we get a formula for the mixed model S ′′ = S(V ′⊗ Y ∗)⊗S(V ⊗ Y ∗n )⊗S(X∗⊗W )
of ω′′.
6.3. Normalized intertwining operators. In this subsection, we define normalized intertwining operators
which are used to describe the local Langlands correspondence.
We assume that V is type (d, c), so that SO(V ) is quasi-split. As in §2.4, we define parabolic subgroups
P = Pk =MPUP of O(V
′) and Q = Qk =MQUQ of Sp(W
′) such that
MP ∼= GL(X)×O(V ), MQ ∼= GL(Y )× Sp(W ).
We put P ◦ = P ∩SO(V ′) and M◦P =MP ∩SO(V ′) ∼= GL(X)×SO(V ). Assume that k is even and dim(V ) =
2m ≥ 4. We identify GL(X) (resp. GL(Y )) with GLk(F ) using the basis {v1, . . . , vk} (resp. {w1, . . . , wk}).
Hence we can define an isomorphism i : GL(Y )→ GL(X) via these identifications.
Let τ be an irreducible tempered representation of GLk(F ) on a space Vτ with a central character ωτ . We
may regard τ as a representation of GL(X) or GL(Y ) via the above identifications. For any s ∈ C, we realize
the representation τs := τ ⊗ | det |sF on Vτ by setting τs(a)v := | det(a)|sF τ(a)v for v ∈ Vτ and a ∈ GLk(F ).
Let σ (resp. π) be an irreducible tempered representation of SO(V ) (resp. Sp(W )) on a space Vσ (resp. Vπ).
Assume that σ is ε-invariant, i.e., there exists σ˜ ∈ Irr(O(V )) such that σ˜|SO(V ) = σ. We may assume that
σ˜ is realized on Vσ. We consider the induced representations
Ind
O(V ′)
P (τs ⊗ σ˜) and IndSp(W
′)
Q (τs ⊗ π)
of O(V ′) and Sp(W ′), respectively. They are realized on the spaces of smooth functions Φs : O(V
′)→ Vτ⊗Vσ
and Φ′s : Sp(W
′)→ Vτ ⊗ Vπ such that
Φs(uPmP (a)hh
′) = | det(a)|s+ρPF τ(a)σ˜(h)Φs(h′)
and Φ′s(uQmQ(a
′)gg′) = | det(a′)|s+ρQF τ(a′)π(g)Φ′s(g′)
for any uP ∈ UP , a ∈ GL(X), h ∈ O(V ), h′ ∈ O(V ′), and uQ ∈ UQ, a′ ∈ GL(Y ), g ∈ Sp(W ) and g′ ∈ Sp(W ′),
respectively. By Lemma 2.3 (3), we have
Ind
O(V ′)
P (τs ⊗ σ˜)|SO(V ′) ∼= IndSO(V
′)
P◦ (τs ⊗ σ).
Let AP (resp.AQ) be the split component of the center ofM
◦
P (resp.MQ) andW (M
◦
P ) = Norm(AP , SO(V
′))/M◦P
(resp. W (MQ) = Norm(AQ, Sp(W
′))/MQ) be the relative Weyl group for M
◦
P (resp. MQ). Note that
W (M◦P )
∼=W (MQ) ∼= Z/2Z. We denote by w (resp. w′) the non-trivial element in W (M◦P ) (resp. W (MQ)).
The definition of the normalized intertwining operators is very subtle because one has to choose the
following data appropriately:
• a representative w˜ of w (resp. w˜′ of w′);
• a Haar measure on UP (resp. UQ) to define the unnormalized intertwining operator;
• a normalizing factor γ(w, τs ⊗ σ) (resp. γ(w′, τs ⊗ π));
• an intertwining isomorphism Aw (resp. Aw′).
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To do these, we need an F -splitting of SO(V ′) (resp. Sp(W ′)).
Let (B, T ) (resp. (B′, T ′)) be the pair of the Borel subgroup and the maximal torus of SO(V ′) (resp. Sp(W ′))
as in §2.2 (resp. §2.3). They are F -rational. The Lie algebras of SO(V ′) and Sp(W ′) are given by
Lie(SO(V ′)) = {x ∈ End(V ′) | 〈xv, v′〉V ′ + 〈v, xv′〉V ′ = 0 for any v, v′ ∈ V ′}
and
Lie(Sp(W ′)) = {y ∈ End(W ′) | 〈yw,w′〉W ′ + 〈w, yw′〉W ′ = 0 for any w,w′ ∈W ′},
respectively. Let vi, v
∗
i , e and e
′ for k+1 ≤ i ≤ m′− 1 = m+ k− 1 (resp. wj , w∗j for k+1 ≤ j ≤ n′ = n+ k)
be the elements in V (resp. in W ) as in §2.2. Hence
〈e, e〉V = 2c, 〈e′, e′〉V = −2cd, 〈e, e′〉V = 0.
For t ∈ T and t′ ∈ T ′, we define ti, t′j ∈ F× and a(t), b(t) ∈ F by
ti = 〈tvi, v∗i 〉V ′ , t′j = 〈t′wj , w∗j 〉W ′
and {
te = a(t) · e+ b(t) · e′,
te′ = b(t)d · e+ a(t) · e′.
Note that a(t)2 − b(t)2d = 1. Then the simple roots of T in B ⊂ SO(V ′) and the ones of T ′ in B′ ⊂ Sp(W ′)
are given by
αi(t) = ti/ti+1, α±(t) = tm′−1(a(t)± b(t)
√
d)
and α′j(t
′) = t′j/t
′
j+1, α
′
n′(t
′) = (t′n′)
2
for 1 ≤ i ≤ m′ − 2 and 1 ≤ j ≤ n′ − 1, respectively. We choose root vectors xα• ∈ Lie(SO(V ′)) satisfying
xαivi′ =
{
vi if i
′ = i+ 1,
0 otherwise,
xαiv
∗
i′ =
{
− v∗i+1 if i′ = i,
0 otherwise,
xαie = xαie
′ = 0
for 1 ≤ i ≤ m′ − 2 and
xα±vi′ = 0, xα±v
∗
i′ =
 −
e±√d−1e′
2c
if i′ = m′ − 1,
0 otherwise,
xα±e = vm′−1, xα±e
′ = ∓
√
dvm′−1.
Also, we choose root vectors yα′• ∈ Lie(Sp(W ′)) satisfying
yα′jwj′ =
{
wj if j
′ = j + 1,
0 otherwise,
yα′jw
∗
j′ =
{
− w∗j+1 if j′ = j,
0 otherwise,
for 1 ≤ j ≤ n′ − 1 and
yα′
n′
wj′ = 0, yα′
n′
w∗j′ =
{
wn′ if j
′ = n′,
0 otherwise.
We define splittings splSO(V ′) of SO(V
′) and splSp(W ′) of Sp(W
′) by
splSO(V ′) = (B, T, {xα•}α•) and splSp(W ′) = (B′, T ′, {yα′•}α′•),
respectively. These are F -splittings.
Let α∨• be the simple coroot corresponding to α•. This is a homomorphism α
∨
• : GL(1) → T of algebraic
groups, and gives a map
dα∨• : Lie(GL(1)) = Ga → Lie(T )
of Lie algebras. We put Hα• = dα
∨
• (1) ∈ Lie(T ). We take a root vector x−α• of the negative root −α• such
that
[xα• , x−α• ] = H•.
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We denote by W (T, SO(V ′)) the Weyl group of T in SO(V ′). Let wα• ∈ W (T, SO(V ′)) be the reflection with
respect to α•. Following the procedure of [33, §2.1], we take the representative w˜α• ∈ SO(V ′) of wα• defined
by
w˜α• = exp(xα•) exp(−x−α•) exp(xα•).
We put wαm′−1 := wα+wα− = wα−wα+ and w˜αm′−1 := w˜α+ w˜α− = w˜α−w˜α+ . Similarly, we take the rep-
resentative w˜′α′• of the reflection w
′
α′•
∈ W (T ′, Sp(W ′)) with respect to α′•. Moreover, we define wp,q for
1 ≤ p, q ≤ m′ − 1 by
wp,q = wαpwαp+1 · · ·wαm′−2wαm′−1wαm′−2 · · ·wαq+1wαq .
Similarly, we define w′p,q, w˜p,q and w˜
′
p,q.
Let wT ∈W (T, SO(V ′)) and w′T ′ ∈W (T ′, Sp(W ′)) be the representatives of w ∈W (M◦P ) and w′ ∈W (MQ)
which stabilize the simple roots of (B ∩M◦P , T ) and (B′ ∩MQ, T ′), respectively. It is easily seen that
wT = wk,k · wk−1,k · · ·w1,k and w′T ′ = w′k,k · w′k−1,k · · ·w′1,k,
and this is a reduced decomposition of wT and w
′
T ′ , respectively. We take representatives w˜ ∈ SO(V ′) of w
and w˜′ ∈ Sp(W ′) of w′ defined by
w˜ = w˜k,k · w˜k−1,k · · · w˜1,k and w˜′ = w˜′k,k · w˜′k−1,k · · · w˜′1,k,
respectively. Then we see that
w˜ = wP ·mP (a) · (−1V )k and w˜′ = wQ ·mQ(a′) · (−1W )k,
where a ∈ GLk(F ) ∼= GL(X) and a′ ∈ GLk(F ) ∼= GL(Y ) are given by
a =
 (−1)
m′−k+1c
. .
.
(−1)m′c
 and a′ =
 (−1)
n′−k+1
. .
.
(−1)n′
 ,
respectively.
We have defined an F -splitting splSO(V ′) of SO(V
′) (resp. splSp(W ′) of Sp(W
′)). This splitting determines
a Chevalley basis of Lie(SO(V ′)) (resp. Lie(Sp(W ′))), and hence an invariant F -valued differential form of
highest degree on UP (resp. UQ). Its absolute value, together with the self-dual Haar measure on F with
respect to ψ, gives a Haar measure du′P on UP (resp. du
′
Q on UQ). This is the measure that we take in the
definition of the unnormalized intertwining operator.
Lemma 6.5. These measures satisfy
du′P = |c|kρPF duP and du′Q = duQ,
where duP and duQ are the measures defined in §6.1.
Proof. We show this lemma only for du′P . One can prove this lemma for du
′
Q in a similar way.
Let B = TU be the Borel subgroup of SO(V ′) defined in §2.2. For t ∈ T , we defined ti ∈ F× and
a(t), b(t) ∈ F as above. We put
αi,j(t) = ti/tj, αi,±(t) = ti(a(t) ± b(t)
√
d), βi,j(t) = titj .
Then the set of roots of T in Lie(U) is given by
{αi,j, βi,j | 1 ≤ i < j ≤ m′ − 1} ∪ {αi,± | 1 ≤ i ≤ m′ − 1}.
Note that αi,i+1 = αi and αm′−1,± = α± are simple roots, so that we have defined the root vectors xαi,i+1 =
xαi and xαm′−1,± = xα± . Moreover we have
αi,j = αi + αi+1,j , αi,± = αi,m′−1 + α±, βi,j = αi,+ + αj,−.
We define root vectors xα• , xβ• ∈ Lie(SO(V ′)) by
xαi,j = [xαi , xαi+1,j ], xαi,± = [xαi,m′−1 , xα± ], xβi,j = [xαi,+ , xαj,− ].
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Then the basis
{xαi,j | 1 ≤ i ≤ k < j ≤ m′ − 1} ∪ {xαi,± | 1 ≤ i ≤ k} ∪ {xβi,j | 1 ≤ i ≤ k, i < j ≤ m′ − 1}
of Lie(UP ) is a part of a Chevalley basis of Lie(SO(V
′)). Let {dxα• , dxβ•} be the dual basis of the linear
dual of Lie(UP ), and put
ω = (
∧
dxα•) ∧ (
∧
dxβ•).
This is an F -valued differential form of highest degree on UP (defined up to a multiplication of ±1).
On the other hand, we can identify UP with F
l as a topological spaces by the map
UP → F l, u 7→ ((〈uvj , v∗i 〉V ′)1≤i≤k<j≤m′−1, (〈ue, v∗i 〉V ′ , 〈ue′, v∗i 〉V ′)1≤i≤k, (〈uv∗j , v∗i 〉V ′)1≤i≤k,i<j≤m′−1),
where
l = dim(UP ) = 2km
′ − 3
2
k2 − 1
2
k.
This gives an F -valued differential form ω0 of highest degree on UP . Then we have
ω = ±(2
√
d)−kc
∑k
i=1(m
′−1−i)ω0.
Let dx be the self-dual Haar measure on F with respect to ψ. We put UP (oF ) to be the subset of UP
corresponding to olF via the above identification UP
∼= F l. Then the measure du′P on UP is defined by
vol(UP (oF ), du
′
P ) = | ± (2
√
d)−kc
∑k
i=1(m
′−1−i)|Fvol(oF , dx)l.
On the other hand, the measure duP defined in §6.1 satisfies
vol(UP (oF ), duP ) = |(2c
√
d)−k|Fvol(oF , dx)l.
Since
k +
k∑
i=1
(m′ − 1− i) = k
(
m′ − k + 1
2
)
= kρP ,
we have
du′P = |c|k+
∑k
i=1(m−1−i)
F duP = |c|kρPF duP ,
as desired. 
We define unnormalized intertwining operators
M(w˜, τs ⊗ σ˜) : IndO(V
′)
P (τs ⊗ σ˜)→ IndO(V
′)
P (w(τs ⊗ σ˜)),
M(w˜′, τs ⊗ π) : IndSp(W
′)
Q (τs ⊗ π)→ IndSp(W
′)
Q (w
′(τs ⊗ π))
by (the meromorphic continuations of) the integrals
M(w˜, τs ⊗ σ˜)Φs(h′) = |c|kρPF
∫
UP
Φs(w˜
−1uPh
′)duP ,
M(w˜′, τs ⊗ π)Φ′s(g′) =
∫
UQ
Φ′s(w˜
′−1uQg
′)duQ,
where w(τs ⊗ σ˜) (resp. w′(τs ⊗ π)) is the representation of MP on Vτ ⊗ Vσ (resp. MQ on Vτ ⊗ Vπ) given
by w(τs ⊗ σ˜)(mP ) = (τs ⊗ σ˜)(w˜−1mP w˜) for mP ∈ MP (resp. w′(τs ⊗ π)(mQ) = (τs ⊗ π)(w˜′−1mQw˜′) for
mQ ∈MQ). Since σ is ε-invariant, by Lemma 2.3 (3), the operator M(w˜, τs ⊗ σ˜) gives an operator
M(w˜, τs ⊗ σ) : IndSO(V
′)
P◦ (τs ⊗ σ)→ IndSO(V
′)
P◦ (w(τs ⊗ σ)).
Following [2, §2.3], we use the normalizing factors r(w, τs ⊗ σ) and r(w′, τs ⊗ π) defined as follows. Let
φτ , φσ and φπ be the representations of WDF corresponding to τ , [σ] and π, respectively. Then we define
r(w, τs ⊗ σ) and r(w′, τs ⊗ π) by
r(w, τs ⊗ σ) = λ(E/F, ψ)k L(s, φτ ⊗ φ
∨
σ )
ε(s, φτ ⊗ φ∨σ , ψ)L(1 + s, φτ ⊗ φ∨σ )
L(2s,∧2 ◦ φτ )
ε(2s,∧2 ◦ φτ , ψ)L(1 + 2s,∧2 ◦ φτ ) ,
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r(w′, τs ⊗ π) = L(s, φτ ⊗ φ
∨
π )
ε(s, φτ ⊗ φ∨π , ψ)L(1 + s, φτ ⊗ φ∨π )
L(2s,∧2 ◦ φτ )
ε(2s,∧2 ◦ φτ , ψ)L(1 + 2s,∧2 ◦ φτ ) ,
where ∧2 is the representation of GLk(C) on the space of skew-symmetric (k, k)-matrices, and λ(E/F, ψ) is
the Langlands λ-factor associated to E = F (
√
d). Note that λ(E/F, ψ)2 = ωE/F (−1) = χV (−1). Then the
normalized intertwining operators
R(w, τs ⊗ σ) := r(w, τs ⊗ σ)−1M(w˜, τs ⊗ σ),
R(w′, τs ⊗ π) := r(w′, τs ⊗ π)−1M(w˜′, τs ⊗ π)
are holomorphic at s = 0 by [2, Proposition 2.3.1].
Now assume that w(τ ⊗ σ) ∼= τ ⊗ σ and w′(τ ⊗ π) ∼= τ ⊗ π, both of which are equivalent to τ∨ ∼= τ . We
take the unique isomorphism
Aw : Vτ ⊗ Vσ → Vτ ⊗ Vσ
such that:
• Aw ◦ w(τ ⊗ σ)(m) = (τ ⊗ σ)(m) ◦ Aw for any m ∈MP ;
• Aw = A′w ⊗ 1Vσ with an isomorphism A′w : Vτ → Vτ such that Λ ◦ A′w = Λ. Here Λ: Vτ → C is the
unique (up to a scalar) Whittaker functional with respect to the Whittaker datum (Bk, ψUk), where
Bk is the Borel subgroup consisting of upper triangular matrices in GLk(F ) and ψUk is the generic
character of the unipotent radical Uk of Bk given by ψUk(x) = ψ(x1,2 + · · ·+ xk−1,k).
Similarly, we take the unique isomorphism
Aw′ : Vτ ⊗ Vπ → Vτ ⊗ Vπ.
We define self-intertwining operators
R(w, τ ⊗ σ) : IndSO(V ′)P◦ (τs ⊗ σ)→ IndSO(V
′)
P◦ (τs ⊗ σ),
R(w′, τ ⊗ π) : IndSp(W ′)Q (τs ⊗ π)→ IndSp(W
′)
Q (τs ⊗ π)
by
R(w, τ ⊗ σ)Φs(h′) = Aw(R(w, τ ⊗ σ)Φs(h′)),
R(w′, τ ⊗ π)Φ′s(g′) = Aw′(R(w′, τ ⊗ π)Φ′s(g′))
for Φs ∈ IndSO(V
′)
P◦ (τs ⊗ σ), Φ′s ∈ IndSp(W
′)
Q (τs ⊗ π), h′ ∈ SO(V ′) and g′ ∈ Sp(W ′).
Put φσ′ = φτ+φσ+φ
∨
τ ∈ Φ˜temp(SO(V ′)) (resp. φπ′ = φτ+φπ+φ∨τ ∈ Φ˜temp(Sp(W ′))). We take [σ′] ∈ Πφσ′
(resp. π′ ∈ Πφpi′ ) such that σ′ ⊂ IndSO(V
′)
P◦ (τ ⊗ σ) (resp. π′ ⊂ IndSp(W
′)
Q (τ ⊗ π)). Let wc (resp. w′1) be the
Whittaker datum of SO(V ′) (resp. Sp(W ′)) defined in §2.2. Note that wc (resp. w′1) is given by the splitting
splSO(V ′) (resp. splSp(W ′)) and the non-trivial additive character ψ we have fixed. The intertwining operators
and the local Langlands correspondence are related as follows:
Proposition 6.6. Suppose that φτ is a tempered orthogonal representation of WDF with even dimension k.
Let τ be the irreducible representation of GLk(F ) associated to φτ .
(1) Put φσ′ = φτ + φσ + φτ . Assume that
• SO(V ) is quasi-split and V is type (d, c);
• dim(V ) = 2m ≥ 4;
• φσ ∈ Φ˜temp(SO(V )) is ε-invariant.
Let a ∈ C+φσ′ which is identity on φσ and exchanges each of two factors of φτ , so that φτ = φaσ′ . Then
for σ ∈ Πφσ and σ′ ∈ Πφσ′ with σ′ ⊂ IndSO(V
′)
P◦ (τ ⊗ σ), we have
R(w, τ ⊗ σ)|σ′ = ιwc([σ′])(a).
(2) Put φπ′ = φτ + φπ + φτ . Let a
′ ∈ C+φpi′ which is identity on φπ and exchanges each of two factors of
φτ , so that φτ = φ
a′
π′ . Then for π ∈ Πφpi and π′ ∈ Πφpi′ with π′ ⊂ IndSp(W
′)
Q (τ ⊗ π), we have
R(w′, τ ⊗ π)|π′ = ιw′1(π′)(a′).
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Proof. This follows from Theorem 2.2.1 and Theorem 2.4.1 in [2]. For the detail, see [3, Theorem 2.4]. 
If SO(V ) is not quasi-split, then SO(V ′) has no F -rational splittings. However, the representative w˜ =
wP ·mP (a) · (−1V )k with
a =
 (−1)
m′−k+1c
. .
.
(−1)m′c
 ∈ GLk(F ) ∼= GL(X)
and the measure du′P = |c|kρPF duP make sense even if SO(V ) is not quasi-split. Hence we can define the
normalized intertwining operator for non-quasi-split SO(V ′) by the same formula. In this paper, we assume
the following:
Assumption 6.7 (NQ). Proposition 6.6 (1) holds for some c ∈ F× even if SO(V ) is not quasi-split.
We emphasize that k is even. Note that if Proposition 6.6 (1) holds for some c ∈ F×, then it holds for
any c ∈ F× by Proposition 3.4.
6.4. Zeta integrals of Godement–Jacquet. In this subsection, we review the theory of local factors for
GL(k) developed by Godement–Jacquet [20].
Let τ be an irreducible smooth representation of GLk(F ) on a space Vτ with a central character ωτ . We
write
L(s, τ) = L(s, φτ ) and ε(s, τ, ψ) = ε(s, φτ , ψ)
for the standard L-factor and ε-factor of τ , where φτ is the k-dimensional representation of WDF associated
to τ . Then the standard γ-factor of τ is defined by
γ(s, τ, ψ) = ε(s, τ, ψ) · L(1− s, τ
∨)
L(s, τ)
.
For s ∈ C, Φ ∈ S(Mk(F )) and a matrix coefficient f of τ , we put
Z(s,Φ, f) =
∫
GLk(F )
Φ(a)f(a)| det(a)|sF da.
This integral is absolutely convergent for Re(s)≫ 0 and admits a meromorphic continuation to C. Moreover,
the quotient
Z
(
s+ k−12 ,Φ, f
)
L(s, τ)
is an entire function of s.
Lemma 6.8. If τ is tempered, then Z(s,Φ, f) is absolutely convergent for Re(s) > (k − 1)/2.
Proof. Put t = Re(s) > (k − 1)/2. Fix a uniformizer ̟ of F and put
t(a) =
̟
a1
. . .
̟ak
 ∈ GLk(F )
for a = (a1, . . . , ak) ∈ Zk. Let B be the Borel subgroup of G = GLk(F ) consisting of upper triangular
matrices, and put K = GLk(oF ). We denote the modulus character of B by δB. Then we have
δB(t(a)) =
∏
i<j
∣∣∣∣̟ai̟aj
∣∣∣∣
F
= q−(k−1)a1q−(k−3)a2 · · · q(k−1)ak .
Since F is non-archimedean, the integral formula∫
GLk(F )
∣∣∣Φ(g)f(g)| det(g)|sF ∣∣∣da
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=
∑
a1≤···≤ak
µ(t(a))
∫
K×K
|Φ(k1t(a)k2)| · |f(k1t(a)k2)| · | det(k1t(a)k2)|tF dk1dk2
holds for some µ(t(a)) ≥ 0. Moreover, there exists a positive constant A0 such that µ(t(a)) ≤ A0 · δB(t(a))
for a = (a1, . . . , ak) ∈ Zk with a1 ≤ · · · ≤ ak (see, e.g., [40, p. 149]).
We define the height function σ(g) of G by
σ(g) = max
1≤i≤k
1≤j≤k
(log |gi,j |F , log |(g−1)i,j |F ).
Harish-Chandra’s spherical function Ξ(g) of G is given by
Ξ(g) =
∫
K
h0(kg)dk,
where h0 ∈ IndGB(1) is the function whose restriction to K is identically equal to 1. Note that Ξ is a matrix
coefficient of the tempered representation IndGB(1), and is bi-K-invariant. It is known that there exist positive
constants A1 and A2 such that
Ξ(t(a)) ≤ A1 · δ−1/2B (t(a)) · (1 + σ(t(a)))A2
for a = (a1, . . . , ak) ∈ Zk with a1 ≤ · · · ≤ ak (see, e.g., [40, p. 154, Theorem 4.2.1]). Since τ is tempered,
any matrix coefficient f of τ satisfies
|f(g)| ≤ B1 · Ξ(g) · (1 + σ(g))B2
for some positive constants B1 and B2.
Since σ(k1gk2) = σ(g) for k1, k2 ∈ K and g ∈ G, we conclude that there are positive constants C1 and C2
such that ∫
GLk(F )
∣∣∣Φ(g)f(g)| det(g)|sF ∣∣∣da
= C1 ·
∑
a1≤···≤ak
δ
1/2
B (t(a))(1 + σ(t(a)))
C2 | det(t(a))|tF
∫
K×K
|Φ(k1t(a)k2)|dk1dk2.
We choose ε > 0 such that (k − 1)/2− t+ C2ε < 0. Note that Φ has a compact support in Mk(F ), and so
does the function
Mk(F ) ∋ x 7→
∫
K×K
|Φ(k1xk2)|dk1dk2.
This implies that there are constants M > 0 and r > 0 such that∫
GLk(F )
∣∣∣Φ(g)f(g)| det(g)|sF ∣∣∣da
=M ·
∑
−r≤a1≤···≤ak
δ
1/2
B (t(a))(1 + σ(t(a)))
C2 | det(t(a))|tF
=M ·
∑
−r≤a1≤···≤ak
qa1(−(k−1)/2−t)qa2(−(k−3)/2−t) · · · qak((k−1)/2−t)(1 + σ(t(a)))C2 .
To see the convergence of this sum, we only consider the sum over ak ≥ r ≥ −a1. Then we have
σ(t(a)) = log(qak).
Moreover, we may assume that if ak ≥ r, then 1 + log(qak) ≤ qεak . In this case, the sum over ak ≥ r ≥ −a1
is bounded by
M ·
∑
ak≥r
(ak + r + 1)
k−1 · q−r(−(k−1)/2−t) · · · q−r((k−3)/2−t) · qak((k−1)/2−t+C2ε).
This sum converges since q(k−1)/2−t+C2ε < 1. 
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Let Φˆ ∈ S(Mk(F )) be the Fourier transform of Φ defined by
Φˆ(x) =
∫
Mk(F )
Φ(y)ψ(tr(xy))dy,
where dy is the self-dual Haar measure on Mk(F ) with respect to the pairing (x, y) 7→ ψ(tr(xy)). Let fˇ be
the matrix coefficient of τ∨ given by fˇ(a) = f(a−1). Then the local functional equation asserts that
Z
(
−s+ k + 1
2
, Φˆ, fˇ
)
= γ(s, τ, ψ) · Z
(
s+
k − 1
2
,Φ, f
)
.
7. Proof of (P1) for tempered L-parameters
Now we can begin the proof of (P1) for tempered L-parameters. This will be proven by an explicit
construction of an equivariant map which realizes the theta correspondence. Let V = V2m and W = W2n.
In this section, we put m = n+ 1. Assume that n ≥ 1 so that dim(V ) = 2m ≥ 4.
7.1. Construction of equivariant maps. We put
V ′ = X + V +X∗, W ′ = Y +W + Y ∗
with dim(X) = dim(Y ) = k. Assume that k is even. Using the basis {v1, . . . , vk} of X (resp. {w1, . . . , wk} of
Y ), we identify GL(X) (resp. GL(Y )) with GLk(F ). Hence we can define an isomorphism i : GL(Y )→ GL(X)
via these identifications. Put
e = v1 ⊗ w∗1 + · · ·+ vk ⊗ w∗k ∈ X ⊗ Y ∗, e∗ = v∗1 ⊗ w1 + · · ·+ v∗k ⊗ wk ∈ X∗ ⊗ Y.
Then we have i(a)e = a∗e and i(a)∗e∗ = ae∗ for a ∈ GL(Y ).
Recall that W = Yn + Y
∗
n . For ϕ ∈ S ′′ = S(V ′ ⊗ Y ∗)⊗ S(V ⊗ Y ∗n )⊗ S(X∗ ⊗W ), we define maps
f(ϕ), fˆ(ϕ) : Sp(W ′)×O(V ′)→ S(V ⊗ Y ∗n )
by
[f(ϕ)(g′, h′)](x0) = [ω
′′(g′, h′)ϕ](
e0
0
 , x0, 0),
[fˆ(ϕ)(g′, h′)](x0) =
∫
X⊗Y ∗
[ω(g′, h′)ϕ](
z0
0
 , x0, 0)ψ(〈z, e∗〉)dz
for g′ ∈ Sp(W ′) and h′ ∈ O(V ′). Here, we write an element in V ′ ⊗ Y ∗ as a block matrixx1x2
x3

with x1 ∈ X ⊗ Y ∗, x2 ∈ V ⊗ Y ∗ and x3 ∈ X∗ ⊗ Y ∗.
Lemma 7.1. For f = f(ϕ) or f = fˆ(ϕ), we have
f(uQg
′, uPh
′) = f(g′, h′), uP ∈ UP , uQ ∈ UQ,
f(gg′, hh′) = ω(g, h)f(g′, h′), h ∈ O(V ), g ∈ Sp(W ),
f(mQ(a)g
′,mP (i(a))h
′) = χV (det(a))| det(a)|ρP+ρQF f(g′, h′), a ∈ GL(Y ).
Proof. This follows from Lemmas 6.2, 6.3 and 6.4. 
Let τ be an irreducible (unitary) tempered representation of GLk(F ) on a space Vτ . We may regard τ
as a representation of GL(X) or GL(Y ) via the above identifications. Let π and σ˜ be irreducible tempered
representations of Sp(W ) and O(V ) on spaces Vπ and Vσ˜, respectively. Fix nonzero invariant non-degenerate
bilinear forms 〈·, ·〉 on Vτ × Vτ∨ , Vπ × Vπ∨ and Vσ˜ × Vσ˜∨ . Let
〈·, ·〉 : (Vτ ⊗ Vσ˜∨)× Vτ∨ → Vσ˜∨
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be the induced map.
Now we assume that
σ˜ = Θψ,V,W (π).
We fix a nonzero Sp(W )×O(V )-equivariant map
T : ω ⊗ σ˜∨ → π.
For ϕ ∈ S ′′ = S(V ′ ⊗ Y ∗) ⊗ S(V ⊗ Y ∗n ) ⊗ S(X∗ ⊗W ), Φs ∈ IndO(V
′)
P (τs ⊗ σ˜∨), g′ ∈ Sp(W ′), vˇ ∈ Vτ∨ , and
vˇ0 ∈ Vπ∨ , we put
〈Ts(ϕ,Φs)(g′), vˇ ⊗ vˇ0〉 = L(s, τ)−1 ·
∫
UPO(V )\O(V ′)
〈T (fˆ(ϕ)(g′, h′), 〈Φs(h′), vˇ〉), vˇ0〉dh′.
Note that 〈Φs(h′), vˇ〉 ∈ Vσ∨ .
Proposition 7.2. We have the following:
(1) The integral 〈Ts(ϕ,Φs)(g′), vˇ ⊗ vˇ0〉 is absolutely convergent for Re(s) > 0 and admits a holomorphic
continuation to C.
(2) For Re(s) < 1, we have
〈Ts(ϕ,Φs)(g′), vˇ ⊗ vˇ0〉 = L(s, τ)−1γ(s, τ, ψ)−1 ·
∫
UPO(V )\O(V ′)
〈T (f(ϕ)(g′, h′), 〈Φs(h′), vˇ〉), vˇ0〉dh′.
(3) The map
Ts : ω′′ ⊗ IndO(V
′)
P (τs ⊗ σ˜∨)→ IndSp(W
′)
Q (τsχV ⊗ π)
is Sp(W ′)×O(V ′)-equivariant.
(4) For Φ ∈ IndO(V ′)P (τ ⊗ σ˜∨) with Φ 6= 0, there exists ϕ ∈ ω′′ such that
T0(ϕ,Φ) 6= 0.
Proof. The proof is similar to those of Lemmas 8.1, 8.2 and 8.3 in [15]. 
7.2. Compatibilities with intertwining operators. Now we shall explain a key property of the equivari-
ant map we have constructed.
We have assumed that k = dim(X) = dim(Y ) is even and dim(V ) = 2(n+ 1) ≥ 4. Let w ∈ W (MP ) and
w′ ∈W (MQ) be the non-trivial elements in the relative Weyl groups. As in §6.3, we take the representatives
w˜ ∈ SO(V ′) of w and w˜′ ∈ Sp(W ′) of w′ defined by
w˜ = wP ·mP (−c · a) and w˜′ = wQ ·mQ(a),
where a ∈ GLk(F ) ∼= GL(X) ∼= GL(Y ) is given by
a =
 (−1)
n+1
. .
.
(−1)n+k
 .
We fix τ , π and σ˜ = Θψ,V,W (π) 6= 0. We shall write
M(w˜, s) =M(w˜, τs ⊗ σ˜∨) and M(w˜′, s) =M(w˜′, τsχV ⊗ π)
for the unnormalized intertwining operators, which are defined by the integrals
M(w˜, s)Φs(h′) = |c|kρPF
∫
UP
Φs(w˜
−1uPh
′)duP ,
M(w˜′, s)Φ′s(g′) =
∫
UQ
Φ′s(w˜
′−1uQg
′)duQ
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for Φs ∈ IndO(V
′)
P (τs ⊗ σ˜∨) and Φ′s ∈ IndSp(W
′)
Q (τsχV ⊗ π), respectively. By the Howe duality, the diagram
ω′′ ⊗ IndO(V ′)P (τs ⊗ σ˜∨)
Ts−−−−→ IndSp(W ′)Q (τsχV ⊗ π)
1⊗M(w˜,s)
y yM(w˜′,s)
ω′′ ⊗ IndO(V ′)P (w(τs ⊗ σ˜∨))
T−s−−−−→ IndSp(W ′)Q (w′(τsχV ⊗ π))
commutes up to a scalar. The following proposition determines this constant of proportionality explicitly.
Proposition 7.3. For ϕ ∈ ω′′ and Φs ∈ IndO(V
′)
P (τs ⊗ σ˜∨), we have
M(w˜′, s)Ts(ϕ,Φs) = ωτ (c) · |c|ksF · γ−kV · L(s, τ)−1L(−s, τ∨)γ(−s, τ∨, ψ) · T−s(ϕ,M(w˜, s)Φs).
Proof. The proof is similar to that of [15, Proposition 8.4]. 
Corollary 7.4. For ϕ ∈ ω′′ and Φs ∈ IndO(V
′)
P (τs ⊗ σ˜∨), we have
R(w′, τsχV ⊗ π)Ts(ϕ,Φs) = ωτ (c) · α(s) · T−s(ϕ,R(w, τs ⊗ σ˜∨)Φs),
where
α(s) = |c|ksF ·
ε(−s, τ∨, ψ)
ε(s, τ, ψ)
.
In particular, if τ ∼= τ∨, then α(0) = 1 and
R(w′, τχV ⊗ π)T0(ϕ,Φ) = ωτ (c) · T0(ϕ,R(w, τ ⊗ σ˜∨)Φ)
for Φ ∈ IndO(V ′)P (τ ⊗ σ˜∨).
Proof. Let φτ , φπ and φσ be the representations of WDF corresponding to τ , π and [σ], respectively. Here
we put σ := σ˜|SO(V ). Note that σ is irreducible. By Proposition 7.3, we have
α(s) = |c|ksF ·
r(w, τs ⊗ σ∨)
r(w′, τsχV ⊗ π) · γ
−k
V ·
L(−s, τ∨)
L(s, τ)
· γ(−s, τ∨, ψ).
Since φσ = (φπ ⊗ χV )⊕ 1, we have
φτ ⊗ φ∨σ = (φτ ⊗ χV )⊗ φ∨π ⊕ φτ .
Moreover, we have
∧2 ◦ (φτ ⊗ χV ) = ∧2 ◦ φτ .
Hence we have
r(w, τs ⊗ σ∨)
r(w′, τsχV ⊗ π) = λ(E/F, ψ)
k · L(s, φτ )
ε(s, φτ , ψ)L(1 + s, φτ )
.
Note that λ(E/F, ψ)kγ−kV = 1 since k is even and λ(E/F, ψ)
2 = γ2V = χV (−1). Recall that
γ(−s, τ∨, ψ) = ε(−s, τ
∨, ψ)L(1 + s, τ)
L(−s, τ∨) .
Therefore, we have
α(s) = |c|ksF ·
ε(−s, τ∨, ψ)
ε(s, τ, ψ)
.
Assume that τ ∼= τ∨. By definition of w˜ and w˜′, the action of w˜ on GL(X) ⊂MP coincides with that of w˜′
on GL(Y ) ⊂MQ via the identification i : GL(Y )→ GL(X). This implies that A′w = A′w′ as C-isomorphisms
on Vτ . Hence the last equation holds. 
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7.3. Completion of the proof. We set W = W2n and V = V2n+2. We assume that V is type (d, c) if
SO(V ) is quasi-split. Fix c0 ∈ F×. Let φπ ∈ Φ˜temp(Sp(W )). For an arbitrary semi-simple element a ∈ C+φpi ,
we put
φπ′ = φ
a
π ⊕ φπ ⊕ φaπ .
Note that the canonical injection A+φpi →֒ A+φpi′ is bijective. Write φaπ = φτ⊗χV . Then φτ is a tempered orthog-
onal representation ofWDF . The dimension k of φτ is even since a ∈ C+φpi . We denote by τ ∈ Irrtemp(GLk(F ))
the representation corresponding to φτ . Let π ∈ Πφpi be an irreducible tempered representation of Sp(W )
with the associated character ηπ = ιw′c0 (π) ∈ Â
+
φpi
. Then π′ := Ind
Sp(W ′)
Q (τχV ⊗ π) is irreducible since
A+φpi′ = A
+
φpi
(see §3.4). Moreover, π′ ∈ Πφpi′ and the associated character ηπ′ = ιw′c0 (π′) ∈ Â
+
φpi′
satisfies that
ηπ′ |A+φpi = ηπ.
Now, we assume that
σ˜ = Θψ,V,W (π) 6= 0.
If we put σ := σ˜|SO(V ), then σ is irreducible and [σ] ∈ Πφσ with
φσ = (φπ ⊗ χV )⊕ 1 ∈ Φ˜temp(SO(V )).
Put
φσ′ = φτ ⊕ φσ ⊕ φτ = (φπ′ ⊗ χV )⊕ 1 ∈ Φ˜temp(SO(V ′)).
Note that the canonical injectionA+φσ →֒ A+φσ′ is bijective. Hence the induced representation σ′ = Ind
SO(V ′)
P◦ (τ⊗
σ) is irreducible, and so is σ˜′ = Ind
O(V ′)
P (τ ⊗ σ˜) (see §3.5). Moreover we have [σ′] ∈ Πφσ′ , and the associated
characters ησ = ιwc0 ([σ]) ∈ Â+φσ and ησ′ = ιwc0 ([σ′]) ∈ Â+φσ′ satisfy that
ησ′ |A+φσ = ησ.
We need to show that ησ(a
′) = ηπ(a), where a
′ is the image of a via the canonical map C+φpi ։ A
+
φpi
→֒ A+φσ .
This equation is equivalent to ησ′ (a
′) = ηπ′(a) since the diagram
A+φpi′ −−−−→ A
+
φσ′
1:1
x x1:1
A+φpi −−−−→ A+φσ
is commutative. First, we have the following:
Lemma 7.5. We have
ιw′1(π
′)(a) = ωτ (c) · ιwc([σ′])(a′).
Proof. Choose Φ ∈ σ˜′∨ = IndO(V ′)P (τ ⊗ σ˜∨) with Φ 6= 0. By Proposition 7.2 (4), there is ϕ ∈ ω′′ such that
T0(ϕ,Φ) 6= 0. Note that T0(ϕ,Φ) ∈ IndSp(W
′)
Q (τχV ⊗ π) = π′. By Corollary 7.4, we have
R(w′, τχV ⊗ π)T0(ϕ,Φ) = ωτ (c) · T0(ϕ,R(w, τ ⊗ σ˜∨)Φ).
Note that σ˜∨ ∼= σ˜ and σ˜′∨ ∼= σ˜′, and we may regard Φ as an element in σ′ = σ˜′|SO(V ). Since R(w′, τχV ⊗
π)|π′ = ιw′1(π′)(a) and R(w, τ ⊗ σ)|σ′ = ιwc([σ′])(a′) by Proposition 6.6, we have
ιw′1(π
′)(a)T0(ϕ,Φ) = ωτ (c) · T0(ϕ, ιwc([σ′])(a′)Φ).
This shows the desired equation. 
However, by Propositions 3.1 and 3.4, we know that
ιw′1(π
′)(a)
ιw′c0 (π
′)(a)
= ηc−10
(a) = det(φτ ⊗ χV )(c−10 ) = ωτ (c−10 )
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and
ιwc([σ
′])(a′)
ιwc0 ([σ
′])(a′)
= ηc/c0(a
′) = det(φτ )(c/c0) = ωτ (c/c0).
Since ω2τ = 1, we have
ηπ′(a) = ωτ (c0) · ιw′1(π′)(a) = ωτ (c0c) · ιwc([σ′])(a′) = ησ′(a′),
as desired. Since a ∈ C+φpi is arbitrary, we have ησ|A+φpi = ηπ. This completes the proof of (P1) for tempered
L-parameters.
Appendix A. Transfer factors
In this appendix, we recall the transfer factors and explain the expectations in the local Langlands cor-
respondence. More precisely, see [26], [30] and [33]. Comparing the transfer factors of pure inner twists, we
prove Propositions 3.1 and 3.4.
For simplicity, we let F be a non-archimedean local field of characteristic zero.
A.1. Endoscopic data. Let G be a quasi-split connected reductive group over F . An endoscopic datum for
G is a tuple (H,H, s, η), where
• H is a quasi-split connected reductive group defined over F ;
• H is a split extension of WF by Ĥ ;
• s ∈ Ĝ is a semi-simple element;
• η : H →֒ LG is an L-embedding
such that
(1) the homomorphism WF → Out(Ĥ) given by H is identified with the homomorphism WF → Out(H)
provided by the rational structure of H via the natural isomorphism Out(Ĥ) ∼= Out(H);
(2) η(Ĥ) = Ĝ◦s = Cent(s, Ĝ)
◦;
(3) a certain condition of s and η.
An isomorphism from (H,H, s, η) to another such tuple (H ′,H′, s′, η′) is an element g ∈ Ĝ such that
(1) gη(H)g−1 = η′(H′);
(2) gsg−1 ≡ s′ mod Z(Ĝ).
Given an endoscopic datum (H,H, s, η) of G, we may replace it by an isomorphic one and assume that
s ∈ η(Z(Ĥ)Γ).
Let φ : WDF → LG be an L-parameter of G. We put Sφ = Cent(Im(φ), Ĝ). For a semi-simple element
s ∈ Sφ, there exists an endoscopic datum (H,H, s, η) for G such that
• Ĥ = Ĝ◦s;
• H = Ĥ · φ(WF );
• η : H →֒ LG is the natural embedding.
Then we call (H,H, s, η) the endoscopic datum associated to s ∈ Sφ. Note that s ∈ Z(Ĥ)Γ and Im(φ) ⊂ H.
It is not always true that H = LH . So we take a z-pair z = (Hz, ηz) for e = (H,H, s, η). We recall that Hz
is an extension of H by an induced torus and ηz : H →֒ LHz is an L-embedding such that the diagram
H ηz−−−−→ LHzx x
Ĥ −−−−→ Ĥz
is commutative, where the bottom arrow is the embedding Ĥ →֒ Ĥz, which is the dual to the surjection
Hz → H . If e is the endoscopic datum associated to s ∈ Sφ for some tempered L-parameter φ of G, then we
obtain a tempered L-parameter φz = ηz ◦ φ of Hz.
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A.2. Transfer factors of pure inner twists. Recall that a pure inner twist of G is a triple (G′, ψ, z),
where
• G′ is a connected reductive algebraic group over F ;
• ψ : G→ G′ is an isomorphism over F ;
• z ∈ Z1(F,G) is a 1-cocycle
such that ψ−1 ◦ σ(ψ) = Int(zσ) for σ ∈ Γ = Gal(F/F ). Then we call G′ a pure inner form of G.
Let (G1, ψ1, z1) and (G2, ψ2, z2) be two pure inner twists of G. An isomorphism from (G1, ψ1, z1) to
(G2, ψ2, z2) is a pair (f, g), where f : G1 → G2 is an isomorphism over F and g ∈ G(F ) such that z2,σ =
gz1,σσ(g
−1) and the diagram
G
ψ1−−−−→ G1
Int(g)
y yf
G
ψ2−−−−→ G2
is commutative. It is known that there exists a canonical bijection
{isomorphism classes of pure inner twists of G} → H1(F,G),
(G′, ψ, z) 7→ [z].
Let e = (H,H, s, η) be an endoscopic datum for G and z = (Hz, ηz) be a z-pair for e. We may assume that
η−1(s) ∈ Z(Ĥ)Γ, and identify s with η−1(s). Then for an inner twist (G′, ψ) of G, these data give a relative
transfer factor of G′, which is a function
∆[e, z, ψ] : Hz,G-sr(F )×G′sr(F )×Hz,G-sr(F )×G′sr(F )→ C.
See [33, §3.7]. We also write ∆[e, z] = ∆[e, z, id]. Here, G′sr is the set of strongly regular semi-simple elements
of G′. We explain Hz,G-sr. Fix pairs (B, T ) of G, (B, T ) of Ĝ, (BH , TH) of H and (BH , TH) of Ĥ , where by
a pair we mean a tuple of a Borel subgroup and a maximal torus contained in it. Assume that η(BH) ⊂ B
and η(TH) = T . Then we have an isomorphism
T̂H ∼= TH η−→ T ∼= T̂ ,
and so that we get an isomorphism η∗ : TH → T over F . Now we assume that TH is F -rational. Since
σ(η∗) ◦ (η∗)−1 is given by an element in the Weyl group of T in G, by Steinberg’s theorem, there exists
g ∈ Gsc(F ) such that σ(g)g−1 normalizes T and induces σ(η∗) ◦ (η∗)−1. Here, Gsc is the simply connected
cover of the derived group of G. Then
ξ := Int(g−1) ◦ η∗ : TH → g−1Tg
is an isomorphism over F . Such an F -isomorphism ξ : TH → T ′ := g−1Tg is called an admissible embedding
of TH in G. For h ∈ TH , the element ξ(h) is called an image of h, and the elements h and ξ(h) are said to be
related. The set Hz,G-sr consists of the preimages in Hz of those elements of H that are related to elements
of Gsr.
An absolute transfer factor of G is a function ∆[e, z]abs : Hz,G-sr ×Gsr → C such that
• ∆[e, z]abs(γz, δ) 6= 0 if and only if γz and δ are related;
• for any two pairs (γz, δ) and (γ′z, δ′) of related elements,
∆[e, z](γz, δ, γ
′
z, δ
′) =
∆[e, z]abs(γz, δ)
∆[e, z]abs(γ′z, δ
′)
.
This is not unique. By choosing a Whittaker datum w for G, we obtain a normalization ∆[e, z,w] of the
absolute transfer factor of G. See [30, §5.3].
Using ∆[e, z,w], we define a transfer factor ∆[e, z, ψ, z,w] of a pure inner twist (G′, ψ, z) of G as follows.
Let δ′ ∈ G′sr(F ) and γz ∈ Hz(F ) be related elements. We denote by γ ∈ H(F ) the image of γz under the
map Hz → H . By [27, Corollary 2.2], there exists δ ∈ Gsr(F ) such that ψ−1(δ′) and δ are G(F )-conjugate.
We put
T = Gδ = Cent(δ,G) and S = Hγ = Cent(γ,H).
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We take g ∈ G(F ) such that
ψ−1(δ′) = gδg−1.
It is easily seen that
[σ 7→ g−1zσσ(g)] ∈ Z1(F, T )
and the class of this element in H1(F, T ) is independent of the choice of g. We denote this class by inv(δ, δ′).
Since Int(g−1zσσ(g)) is identity on T , we see that ψ ◦ Int(g) gives an F -isomorphism
T = Cent(δ,G)
∼=−→ T ′ = Cent(δ′, G′).
This implies that γz and δ are related. Hence, there exists a unique admissible embedding
φγ,δ : S
∼=−→ T ⊂ G
such that φγ,δ(γ) = δ. We denote by sγ,δ ∈ T̂ Γ the image of s under the map
Z(Ĥ)Γ →֒ ŜΓ → T̂ Γ,
where the last map is induced by φ−1γ,δ. Let
〈·, ·〉 : H1(F, T )× π0(T̂ Γ)→ C×
be the Tate–Nakayama pairing. Then we define ∆[e, z, ψ, z,w] by
∆[e, z, ψ, z,w](γz, δ
′) = ∆[e, z,w](γz, δ) · 〈inv(δ, δ′), sγ,δ〉−1.
By [26, Proposition 5.6], this value does not depend on the choice of δ, and the function ∆[e, z, ψ, z,w] is an
absolute transfer factor of G′.
A.3. Expectations in the local Langlands correspondence. Let G be a quasi-split connected reductive
algebraic group over F . The Vogan L-packets treat representations of all pure inner forms ofG simultaneously.
A representation of a pure inner twist of G is a tuple (G′, ψ, z, π′), where (G′, ψ, z) is a pure inner twist of
G and π′ is an admissible representation of G′(F ). Two representations (G1, ψ1, z1, π1) and (G2, ψ2, z2, π2)
are isomorphic if there exists an isomorphism (f, g) : (G1, ψ1, z1) → (G2, ψ2, z2) of pure inner twists such
that π2 ◦ f and π1 are isomorphic. By [26, §5.1], two representations (G1, ψ1, z1, π1) and (G1, ψ1, z1, π′1)
of the same pure inner twist are isomorphic if and only if π1 and π
′
1 are isomorphic in the usual sense as
representations of G1(F ). We denote by Πtemp(G) the set of isomorphism classes of irreducible admissible
tempered representations of pure inner twists of G. Let (f, g) : (G1, ψ1, z1, π1) → (G2, ψ2, z2, π2) be an
isomorphism and Θπi be the Harish-Chandra character of πi for i = 1, 2. Then f transports Θπ2 to Θπ1 .
Hence, for an isomorphism class π˙1 = (G1, ψ1, z1, π1), we obtain a distribution Θπ˙.
Fix a Whittaker datum w for G. Given a tempered L-parameter φ : WDF → LG, we put Sφ =
Cent(Im(φ), Ĝ). We expect that there exist a finite subset Πφ ⊂ Πtemp(G) and a bijection ιw : Πφ →
Irr(π0(Sφ)) such that the diagram
Πφ
ιw−−−−→ Irr(π0(Sφ))y y
H1(F,G) −−−−→ π0(Z(Ĝ)Γ)D
is commutative, where the bottom arrow is the Kottwitz map, the right arrow sends each irreducible repre-
sentation to (the restriction of) its central character, and the left arrow is given by (G′, ψ, z, π′) 7→ [z]. Also,
we expect that Πφ contains a unique element π˙ = (G, id, 1, π) such that π is w-generic and that ιw(π˙) is the
trivial character of π0(Sφ).
Given π˙ = (G′, ψ, z, π′) ∈ Πφ, we write 〈s, π˙〉w = tr(ιw(π˙)(s)) for s ∈ π0(Sφ). We expect that for a fixed
pure inner twist (ψ, z) : G→ G′, the virtual character
SΘφ,ψ,z = e(G
′)
∑
π˙∈Πφ
π˙ 7→[z]
〈1, π˙〉w ·Θπ˙
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is a stable function on G′(F ) and is independent of w, where e(G′) ∈ {±1} is the sign defined in [28]. It is
known that e(G′) = 1 if G′ is quasi-split. For any semi-simple element s ∈ Sφ, we put
Θsφ,w,ψ,z = e(G
′)
∑
π˙∈Πφ
π˙ 7→[z]
〈s, π˙〉w ·Θπ˙.
Let e = (H,H, s, η) be the endoscopic datum associated to s ∈ Sφ. For simplicity, we assume thatH = LH .
Then we may take the z-pair z = (Hz, ηz) = (H, id) for e. Let φz be the L-parameter for Hz = H given by φ.
Let f e and f be smooth compactly supported functions on H(F ) and G′(F ), respectively. For γ ∈ Hsr(F )
and δ′ ∈ G′sr(F ), we put
Oγ(f
e) =
∫
Hγ(F )\H(F )
f e(h−1γh)dh,
Oδ′ (f) =
∫
G′
δ′
(F )\G′(F )
f(g−1δ′g)dg,
where we put Hγ = Cent(γ,H) and G
′
δ′ = Cent(δ
′, G′), respectively. We also define
SOγ(f
e) =
∑
γ′
Oγ′(f
e),
where γ′ runs over a set of representatives for the H(F )-conjugacy classes in the H(F )-conjugacy class of γ.
More precisely, see [30, §5.5]. We say that f and f e have ∆[e, z, ψ, z,w]-matching orbital integrals if
SOγ(f
e) =
∑
δ′
∆[e, z, ψ, z,w](γ, δ′) ·Oδ′ (f)
for any γ ∈ HG-sr. Here, the sum is taken over a set of representatives for the G′(F )-conjugacy classes of
δ′ ∈ G′(F ) such that δ′ and γ are related. Finally, if f e and f have ∆[e, z, ψ, z,w]-matching orbital integrals,
then we expect that
SΘφz,id,1(f
e) = Θsφ,w,ψ,z(f).
A.4. Changing base points. Let (ψ, z) : G→ G′ be a pure inner twist. In contrast to inner twists, it may
occur that G′ is also quasi-split over F even if (ψ, z) is non-trivial. Then we have the following:
Lemma A.1. There exists a bijection
Jψ,z : Πtemp(G)→ Πtemp(G′),
(G1, ψ1, z1, π1) 7→ (G1, ψ1 ◦ ψ−1, ψ(z1z−1), π1).
Proof. Easy. 
We denote the center of G by Z. Let (ψ′, z′) : G→ G′ be a pure inner twist such that both G and G′ are
quasi-split. Then the cohomology class [z′] ∈ H1(F,G) is killed under the map
H1(F,G)→ H1(F,Gad).
Hence there exists z ∈ Z1(F,Z) such that [z] = [z′] in H1(F,G). Then (ψ′, z′) : G→ G′ is isomorphic to the
pure inner twist
(id, z) : G→ G.
In particular, we see that G and G′ are isomorphic over F , and so that we may identify LG with LG′. Let
φ : WDF → LG be a tempered L-parameter of G. We may regard φ as an L-parameter of G′. We denote
this L-parameter of G′ by φ′, i.e.,
φ′ : WDF
φ−→ LG = LG′.
Then we should obtain two finite subsets Πφ ⊂ Πtemp(G) and Πφ′ ⊂ Πtemp(G′).
Question A.2. (1) Does Jψ,z(Πφ) coincide with Πφ′?
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(2) If so, what is the map
Irr(π0(Sφ))
ι−1
w−−→ Πφ Jψ,z−−−→ Πφ′ ιw′−−→ Irr(π0(Sφ′)) = Irr(π0(Sφ))
for Whittaker data w and w′ of G and G′, respectively?
In this subsection, we give an answer of this question when z ∈ Z1(F,Z) and ψ = id.
Proposition A.3. Fix z ∈ Z1(F,Z). Let e = (H,H, s, η) be an endoscopic datum, z = (Hz, ηz) be a z-pair for
e and w be a Whittaker datum of G. For a pure inner twist (ψ1, z1) : G→ G1, we put ∆1 = ∆[e, z, ψ1, z1,w]
and ∆′1 = ∆[e, z, ψ1, z1z
−1,w]. Then there exists α = α[e, z, ψ1, z1, z,w] ∈ C× such that
∆′1(γz, δ1) = α ·∆1(γz, δ1).
for γz ∈ Hz,G-sr and δ1 ∈ G1,sr.
Proof. Since the relative transfer factor ∆[e, z, ψ1] of G1 is independent of both z1 and z1z
−1, we have
∆′1(γz, δ1)
∆′1(γ
′
z, δ
′
1)
= ∆[e, z, ψ1](γz, δ1, γ
′
z, δ
′
1) =
∆1(γz, δ1)
∆1(γ′z, δ
′
1)
for any two pairs (γz, δ1) and (γ
′
z, δ
′
1) of related elements. Hence the quotient
α =
∆′1(γz, δ1)
∆1(γz, δ1)
does not depend on the choice of a pair (γz, δ1) of related elements. This satisfies the desired equations. 
We put Jz = Jid,z : Πtemp(G)→ Πtemp(G).
Corollary A.4. Let z ∈ Z1(F,Z). Then for a tempered L-parameter φ of G, we have
Jz(Πφ) = Πφ.
Proof. We take e = (G, LG, 1, id) and z = (G, id). Let (G1, ψ1, z1) be a pure inner twist of G, and ∆1, ∆
′
1 and
α as in (the proof of) the above proposition. Then we see that f e and f have ∆′1-matching orbital integrals
if and only if f e and α · f have ∆1-matching orbital integrals. Hence we should have
SΘφ,ψ1,z1z−1(f) = SΘφ,ψ1,z1(α · f).
Since {Θπ1 | π1 ∈ Irr(G1(F ))} is linearly independent, we see that (G1, ψ1, z1, π1) ∈ Πφ if and only if
(G1, ψ1, z1z
−1, π1) ∈ Πφ. 
Let s be a semi-simple element in Sφ. We take the endoscopic datum e = (H,H, s, η) associated to s. Note
that s ∈ Z(Ĥ)Γ. Let z = (Hz, ηz) be a z-pair for e. For a pair (γz, δ) ∈ Hz,G-sr ×Gsr of related elements, we
denote the image of γz under the map Hz → H by γ, and we put S = Cent(γ,H) and T = Cent(δ,G). Then
there exists a unique admissible embedding ξ : S
∼=−→ T ⊂ G such that ξ(γ) = δ. The isomorphism ξ−1 gives
a map
Z(Ĥ)Γ →֒ ŜΓ → T̂ Γ.
We denote the image of s under this map by sγ,δ. For z ∈ Z1(F,Z), we consider
〈[z], sγ,δ〉,
where 〈·, ·〉 : H1(F, T ) × π0(T̂ Γ) → C× is the Tata–Nakayama pairing, and [z] is the image of z under the
map Z1(F,Z)→ H1(F,Z)→ H1(F, T ).
Theorem A.5. The value 〈[z], sγ,δ〉 does not depend on the choice of a pair (γz, δ) ∈ Hz,G-sr×Gsr of related
elements. The map s 7→ 〈[z], sγ,δ〉 gives a character χz of π0(Sφ), and the diagram
Πφ
ιw−−−−→ Irr(π0(Sφ))
Jz
y y·⊗χz
Πφ
ιw−−−−→ Irr(π0(Sφ))
is commutative.
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Proof. As in Proposition A.3, for a pure inner twist (ψ1, z1) : G → G1, we put ∆1 = ∆[e, z, ψ1, z1,w] and
∆′1 = ∆[e, z, ψ1, z1z
−1,w]. Let (γz, δ1) ∈ Hz,G-sr ×G1,sr be a pair of related elements. We take δ ∈ G(F ) and
g ∈ G(F ) such that ψ−11 (δ1) = gδg−1. We define inv(δ, δ1) and inv′(δ, δ1) in H1(F, T ) by
inv(δ, δ1) = [σ 7→ g−1z1,σσ(g)],
inv′(δ, δ1) = [σ 7→ g−1z1,σz−1σ σ(g)].
Then we have
∆1(γz, δ1) = ∆(γz, δ) · 〈inv(δ, δ1), sγ,δ〉−1,
∆′1(γz, δ1) = ∆(γz, δ) · 〈inv′(δ, δ1), sγ,δ〉−1.
Hence we have
α =
∆′1(γz, δ1)
∆1(γz, δ1)
=
〈inv(δ, δ1), sγ,δ〉
〈inv′(δ, δ1), sγ,δ〉 = 〈[z], sγ,δ〉.
Since α does not depend on the choice of (γz, δ1), we see that 〈[z], sγ,δ〉 is independent of the choice of (γz, δ).
We put χz(s) = 〈[z], sγ,δ〉.
Since we should have
Θsφ,w,ψ,z1z−1(f) = Θ
s
φ,w,ψ,z1(χz(s) · f)
if f e and f have ∆′1-matching orbital integrals, we see that
〈s, Jz(π˙1)〉w = χz(s) · 〈s, π˙1〉w
for π˙1 = (G1, ψ1, z1, π1) ∈ Πφ. In particular, taking the unique element π˙1 = (G, id, 1, π) such that π is
w-generic, we see that χz is the character of an irreducible representation of π0(Sφ). Since χz(1) = 1, this
representation has dimension 1, i.e., χz : π0(Sφ)→ C× is a (1-dimensional) character. 
The character χz is also described as follows. Let s ∈ Sφ be a semi-simple element. We take the endoscopic
datum (H,H, s, η) associated to s. Let S ⊂ H and T ⊂ G be maximal F -tori and η∗ : S → T be the
isomorphism given by fixed pairs of G, Ĝ, H and Ĥ. Note that s ∈ Z(ĤΓ) ⊂ ŜΓ. We take g ∈ Gsc(F ) such
that ξ = Int(g−1) ◦ η∗ : S → g−1Tg is an admissible embedding. Then Z ⊂ T , and Int(g−1) fixes all elements
in Z. For z ∈ Z1(F,Z), we see that ξ−1(z) = (η∗)−1(z) ∈ Z1(F, ξ−1(Z)) ⊂ Z1(F, S). Then we have
χz(s) = 〈[(η∗)−1(z)], s〉,
where 〈·, ·〉 : H1(F, S)× π0(ŜΓ)→ C× is the Tate–Nakayama pairing.
Next, we consider the case when z ∈ Z1(F,Z) is trivial in H1(F,G). Then [z] ∈ Im[Gad(F )→ H1(F,Z)].
Proposition A.6. Let z ∈ Z1(F,Z) such that [z] ∈ H1(F,Z) is the image of g ∈ Gad(F ). Let w = (B, λ)
and w′ = (gBg−1, λ ◦ Int(g−1)) be two Whittaker data of G. Then we have
ιw ◦ Jz = ιw′ .
In particular, we have ιw′(π˙) = ιw(π˙)⊗ χz for π˙ ∈ Πφ.
Proof. There is a similar result in [25]. According to Theorem 3.3 (or Lemma 3.2) in [25], there exists a
character (w,w′) on π0(Sφ/Z(Ĝ)
Γ) such that ιw(π˙) = ιw′(π˙)⊗ (w,w′) for any π˙ = (G, id, 1, π) ∈ Πφ.
By the definition, we can find a preimage h ∈ G(F ) of g such that
h−1σ(h) = zσ.
This implies that (Int(g), h) is an isomorphism from (id, 1) to (id, z−1), and so that this is an isomorphism
from (G, id, 1, π ◦ Int(g)) to (G, id, z−1, π). Therefore, Jz is given by
(G, id, 1, π) 7→ (G, id, 1, π ◦ Int(g)).
Note that π is w′-generic if and only if π ◦ Int(g) is w-generic. In particular, if we take the unique element
π˙ = (G, id, 1, π) ∈ Πφ such that π is w′-generic representation, then we have
1 = ιw(Jz(π˙)) = ιw(π˙)⊗ χz = ιw′(π˙)⊗ (w,w′)⊗ χz = (w,w′)⊗ χz.
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Hence we have χz = (w,w
′)−1, and so that
ιw ◦ Jz(π˙) = ιw(π˙)⊗ χz = ιw(π˙)⊗ (w,w′)−1 = ιw′(π˙)
for any π˙ ∈ Πφ, as desired. 
A.5. Examples. We calculate χz forG = SO(V ) with dim(V ) ∈ 2Z, and forG′ = Sp(W ). As an application,
we prove Propositions 3.1 and 3.4. We fix a non-trivial additive character ψF : F → C×.
First, we prepare a certain property of the Galois cohomology. For d ∈ F×, we put Ed = F (
√
d). Let
T = E1d := {(a, b) ∈ G2a | a2 − b2d = 1}
be a torus over F . Note that T ∼= GL1 over Ed. For σ ∈ Γ, we denote the usual action on GL1(F ) by
x 7→ σ(x), and the action on T (F ) by x 7→ σd(x). If d 6∈ F×2, then it is known that H1(F, T ) ∼= {±1} (which
also follows from Kottwitz’s isomorphism).
Lemma A.7. Let c ∈ F×. We define zc,σ ∈ F× = T (F ) by
zc,σ =
σ(
√
c)√
c
=
{
1 if σ|Ec = idEc ,
− 1 otherwise.
Then the map zc : Γ ∋ σ 7→ zc,σ ∈ T (F ) belongs to Z1(F, T ). Moreover, the map H1(F, T ) →֒ {±1} is given
by
[zc] 7→ (c, d),
where (·, ·) is the quadratic Hilbert symbol of F .
Proof. The first assertion is clear. To prove the last assertion, we may assume that d 6∈ F×2. We define
z′c,σ ∈ F
×
= T (F ) by
z′c,σ =
{
1 if σ|Ed = idEd ,
c otherwise.
It is easily seen that z′c ∈ Z1(F, T ). Moreover we have
zc,σz
′−1
c,σ = σd(
√
c) · √c−1.
Hence we have [zc] = [z
′
c] in H
1(F, T ).
There exists an exact sequence
1 −−−−→ H1(Gal(Ed/F ), T (Ed)) −−−−→ H1(F, T ) −−−−→ H1(Ed, T )Gal(Ed/F ).
Since T is isomorphic to GL1 over Ed, by Hilbert 90, we have H
1(Ed, T ) = 1. Therefore we have
H1(Gal(Ed/F ), T (Ed)) ∼= H1(F, T ).
Let σ be the generator of Gal(Ed/F ). Then we have
σd(x) · x−1 = σ(x)−1x−1 = NEd/F (x)−1
for x ∈ T (Ed) ∼= E×d . Hence we have B1(Gal(Ed/F ), T (Ed)) ∼= NEd/F (E×d ). For given x ∈ T (Ed) = E×d , we
put z1 = 1 and zσ = x. Then z ∈ Z1(Gal(Ed/F ), T (Ed)) if and only if
1 = z1 = zσσ = zσ · σd(zσ) = x · σd(x) = x · σ(x)−1,
i.e., x ∈ F×. Therefore we have
H1(Gal(Ed/F ), T (Ed)) ∼= F×/NEd/F (E×d ).
Moreover we see that
[z′c] 6= 1 in H1(Gal(Ed/F ), T (Ed)) ⇐⇒ c 6∈ NEd/F (E×d ) ⇐⇒ (c, d) = −1,
as desired. 
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For a positive integer n and for d, c ∈ F×, we let V = V2n,d,c be an orthogonal space with dimension 2n
and type (d, c), and W = W2n be a symplectic space with dimension 2n. We put Gn,d,c = SO(V2n,d,c) and
G′n = Sp(W2n). As in §2.2, we decompose
V2n,d,c = Xn−1,d,c ⊕ V2,d,c ⊕X∗n−1,d,c
with
Xn−1,d,c = Fv1,d,c ⊕ · · · ⊕ Fvn−1,d,c, X∗n−1,d,c = Fv∗1,d,c ⊕ · · · ⊕ Fv∗n−1,d,c, V2,d,c = Fed,c ⊕ Fe′d,c,
such that
〈ed,c, ed,c〉V2n,d,c = 2c, 〈e′d,c, e′d,c〉V2n,d,c = −2cd, 〈ed,c, e′d,c〉V2n,d,c = 0.
For c, c′ ∈ F×, we define an isomorphism of vector spaces
f : V2n,d,c → V2n,d,c′
by
V2n,d,c ⊃ Xn−1,d,c ∋ vi,d,c 7→ vi,d,c′ ∈ Xn−1,d,c′ ⊂ V2n,d,c′ ,
V2n,d,c ⊃ V2,d,c ∋ ed,c 7→ ed,c′ ∈ V2,d,c′ ⊂ V2n,d,c′ ,
V2n,d,c ⊃ V2,d,c ∋ e′d,c 7→ e′d,c′ ∈ V2,d,c′ ⊂ V2n,d,c′ ,
V2n,d,c ⊃ X∗n−1,d,c ∋ v∗i,d,c 7→
c′
c
· v∗i,d,c′ ∈ X∗n−1,d,c′ ⊂ V2n,d,c′ .
This satisfies that
〈f(x), f(y)〉V2n,d,c′ =
c′
c
〈x, y〉V2n,d,c
for any x, y ∈ V2n,d,c. Hence f gives an isomorphism ψc′/c : G2n,d,c → G2n,d,c′ over F . Let Z2n,d,c be the
center of G2n,d,c and define zc′/c ∈ Z1(F,Z2n,d,c) by
zc′/c,σ =
σ(
√
c′/c)√
c′/c
· 1
for σ ∈ Γ. Then (ψ, z) = (ψc′/c, zc′/c) : G2n,d,c → G2n,d,c′ is a pure inner twist of G2n,d,c. This is trivial if and
only if c′/c ∈ NEd/F (E×d ). Via this pure inner twist, we may regard G2n,d,c′ as a pure inner form of G2n,d,c.
Now we assume that c′/c ∈ NEd/F (E×d ). Then there exists α ∈ E×d such that NEd/F (α) = c′/c. We write
α−1 = a+ b
√
d with a, b ∈ F . We define an isomorphism of vector spaces
fα−1 : V2n,d,c → V2n,d,c′
by
V2n,d,c ⊃ Xn−1,d,c ∋ vi,d,c 7→ vi,d,c′ ∈ Xn−1,d,c′ ⊂ V2n,d,c′,
V2n,d,c ⊃ V2,d,c ∋ xed,c + ye′d,c 7→ (ax+ byd)ed,c′ + (ay + bx)e′d,c′ ∈ V2,d,c′ ⊂ V2n,d,c′ ,
V2n,d,c ⊃ X∗n−1,d,c ∋ v∗i,d,c 7→ v∗i,d,c′ ∈ X∗n−1,d,c′ ⊂ V2n,d,c′.
Note that
(a+ b
√
d)(x+ y
√
d) = (ax+ byd) + (ay + bx)
√
d.
Then fα−1 gives an isomorphism ψα−1 : G2n,d,c → G2n,d,c′ over F . Via this isomorphism ψα−1 , we identify
Πtemp(G2n,d,c) with Πtemp(G2n,d,c′).
Lemma A.8. Suppose that c′/c ∈ NEd/F (E×d ). Fix α ∈ E×d such that NEd/F (α) = c′/c. Let (ψ, z) =
(ψc′/c, zc′/c) : G2n,d,c → G2n,d,c′ be the pure inner twist of G2n,d,c defined as above. Then the bijection
Jψ,z : Πtemp(G2n,d,c) → Πtemp(G2n,d,c′) in Lemma A.1 is the identity map via the above identification
Πtemp(G2n,d,c) = Πtemp(G2n,d,c′).
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Proof. We put ψα = (ψα−1)
−1 and ψ′ = ψα ◦ ψc′/c : G2n,d,c → G2n,d,c. It suffices to show that
(G1, ψ1, z1, π1) ∼= (G1, ψ1 ◦ (ψ′)−1, ψ′(z1z−1), π1)
for any (G1, ψ1, z1, π1) ∈ Πtemp(G2n,d,c). There exists hα ∈ GSO(V2n,d,c) with similitude factor NEd/F (α) =
c′/c such that (fα−1)
−1 ◦ f = Int(hα). Fix a square root
√
NEd/F (α) of NEd/F (α) in F . Put g =√
NEd/F (α)
−1
hα, which is an element in G2n,d,c(F ). Then we see that (idG1 , g) gives a desired isomor-
phism (G1, ψ1, z1, π1)→ (G1, ψ1 ◦ (ψ′)−1, ψ′(z1z−1), π1). 
If c′/c 6∈ NEd/F (E×d ), then we cannot define ψα−1 , but can define (ψ, z) = (ψc′/c, zc′/c). So we identify
Πtemp(G2n,d,c) with Πtemp(G2n,d,c′) via Jψ,z.
Let B = TU (resp. B′ = T ′U ′) be the Borel subgroup of G2n,d,c (resp. G
′
2n) and wc = (B, µc) (resp. w
′
c =
(B′, µ′c)) be the Whittaker datum of G2n,d,c (resp. G
′
2n) defined in §2. Via the isomorphism ψc′/c : G2n,d,c →
G2n,d,c′, the datum wc is transfered to wc′ .
Recall that an L-parameter φ of G2n,d,c (resp. G
′
2n) gives an orthogonal representation φ : WDF →
O(2n,C) (resp. φ : WDF → SO(2n + 1,C) ) with det(φ) = χV2n,d,c (resp. det(φ) = 1). For a semi-simple
element s ∈ Sφ, we denote the (−1)-eigenspace of s in φ by φs. This is a subrepresentation of φ. We put
ηc0(s) = det(φ
s)(c0) for c0 ∈ F×. This gives a character ηc0 of π0(Sφ). Now we prove Propositions 3.1 and
3.4. More precisely, we prove the following proposition.
Proposition A.9. Let G = G2n,d,c with n ≥ 2 or G = G′2n with n ≥ 1, and Z ∼= {±1} be the center of
G. For c0 ∈ F×, we define zc0 ∈ Z1(F,Z) by zc0,σ = σ(
√
c0)/
√
c0. Then we have χzc0 = ηc0 . Hence for a
tempered L-parameter φ of G and c, c′ ∈ F×, the diagram
Πφ
ιwc−−−−→ Irr(π0(Sφ))∥∥∥ y·⊗ηc′/c
Πφ
ιw
c′−−−−→ Irr(π0(Sφ))
is commutative. Here, we identify Πtemp(G2n,d,c) with Πtemp(G2n,d,c′) via Jψ,z with (ψ, z) = (ψc′/c, zc′/c).
Proof. We may assume that φ = φ1⊕φ2, where φ1 and φ2 are orthogonal representations with dim(φ1) = 2k
and dim(φ2) = dim(φ)−2k, and that s ∈ Sφ satisfies s|φ1 = −1 and s|φ2 = 1. Then φs = φ1. Let (H,H, s, η)
be the endoscopic datum associated to s. Then we have
H =
{
G2k,d1,1 ×G2(n−k),d/d1,1 if G = G2n,d,c,
G2k,d1,1 ×G′2(n−k) if G = G′2n,
where d1 ∈ F× satisfies that det(φ1) = (·, d1). We can take a maximal F -torus S of H which is isomorphic
to {
(GLk−11 × E1d1)× (GLn−k−11 × E1d/d1) if G = G2n,d,c,
(GLk−11 × E1d1)×GLn−k1 if G = G′2n
over F . This implies that
H1(F, S) ∼=
{
H1(F,E1d1)×H1(F,E1d/d1) →֒ {±1} × {±1} if G = G2n,d,c,
H1(F,E1d1) →֒ {±1} if G = G′2n.
Via this isomorphism, (the image of) [zc0 ] corresponds to ((c0, d1), (c0, d/d1)) if G = G2n,d,c, and to (c0, d1)
if G = G′2n.
On the other hand, via the above isomorphism of S, we have
π0(Ŝ
Γ) ∼=
π0(Ê
1
d1
Γ
)× π0(Ê1d/d1
Γ
) if G = G2n,d,c,
π0(Ê1d1
Γ
) if G = G′2n.
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Via this isomorphism, s corresponds to the generator of π0(Ê1d1
Γ
) ⊂ {±1}. Therefore we have
χzc0 (s) = 〈[zc0 ], s〉 = (c0, d1) = det(φ1)(c0) = ηc0(s).
First, we assume that [zc′/c] 6= 1 in H1(F,G). In particular, G = G2n,d,c and c′/c 6∈ NEd/F (E×d ). By
Theorem A.5, the diagram
Πφ
ιwc−−−−→ Irr(π0(Sφ))
Jψ,z
y y·⊗ηc′/c
Πφ
ιw
c′−−−−→ Irr(π0(Sφ))
is commutative, where we put (ψ, z) = (ψc′/c, zc′/c). Note that we have identified Πφ ⊂ Πtemp(G2n,d,c) with
Πφ ⊂ Πtemp(G2n,d,c′) via Jψ,z.
Next, we assume that [zc0 ] = 1 in H
1(F,G), where we put c0 = c
′/c. Let T be the maximal F -torus of G
stabilizing the lines Fvi or Fwi for any i. If G = G
′
2n, then T
∼= GLn1 . Putting tc0 = (
√
c0
−1, . . . ,
√
c0
−1) ∈
T (F ) ⊂ G(F ) and let gc0 ∈ Gad(F ) be the image of tc0 . Then we have zc0 = t−1c0 ·σ(tc0), i.e., [zc0 ] ∈ H1(F,Z)
is the image of gc0. We have gc0B
′g−1c0 = B
′ and µ′c ◦ Int(g−1c0 ) = µ′cc0. Hence we have ιw′c ◦ Jzc0 = ιw′cc0 by
Proposition A.6.
If G = G2n,d,c, then T ∼= GLn−11 × E1d . We see that [zc0 ] = 1 in H1(F,G) if and only if c0 ∈ NEd/F (E×d ).
Take a0, b0 ∈ F such that NEd/F (a0 + b0
√
d) = a20 − b20d = c0. We define tc0 ∈ T (F ) by tc0vi =
√
c0
−1vi and
tc0e =
a0√
c0
e+
b0√
c0
e′,
tc0e
′ =
b0√
c0
de +
a0√
c0
e′.
Note that t0 =
√
c0
−1f , where f : V2n,d,c → V2n,d,c′ = V2n,d,c is the isomorphism defined as above. Let
gc0 ∈ Gad(F ) be the image of tc0 . Then we have zc0 = t−1c0 · σ(tc0), i.e., [zc0] ∈ H1(F,Z) is the image of gc0.
We have gc0Bg
−1
c0 = B and µc ◦ Int(g−1c0 ) = µcc0 . Hence we have ιwc ◦ Jzc0 = ιwcc0 by Proposition A.6. 
Appendix B. Some results on representations of metaplectic groups
In this appendix, we give proofs of Theorems 3.11 and 3.13.
B.1. Proof of Theorem 3.11. In this subsection, we prove Theorem 3.11. For the proof, we use the local
coefficients for metaplectic groups defined in [43]. For linear groups, see [38, 39].
Let
Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0)
be a standard module, where
• W =W2n and W0 =W2n0 are symplectic spaces of dimension 2n and 2n0, respectively;
• Q˜ is the parabolic subgroup of S˜p(W ) with the Levi subgroup isomorphic to G˜Ln1(F )×{±1} · · ·×{±1}
G˜Lnr (F )×{±1} S˜p(W0);
• τi is an irreducible discrete series representation of G˜Lni(F );
• si is a real number such that s1 ≥ · · · ≥ sr > 0;
• π˜0 is an irreducible tempered representation of S˜p(W0).
We denote the unique irreducible quotient of this standard module by π˜. We set φ = Lψ(π˜). In [43, §2.3],
Szpruch defined an intertwining operator
Aw : Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0)→ IndS˜p(W )Q˜ (τ
∨
1 | det |−s1F ⊗ · · · ⊗ τ∨r | det |−srF ⊗ π˜0)
for some element w ∈ Sp(W2n).
Now suppose that π˜0 is w
′
1-generic. Szpruch [43, §3.1] defined a w′1-generic Whittaker functional
λ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, µ′1) ∈ HomU ′
(
Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0), µ′1
)
.
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By the uniqueness of Whittaker model ([42]), there exists a meromorphic function
C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w)
on Cr such that
λ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, µ′1)
= C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w) · λ((−s1, . . . ,−sr), τ∨1 × · · · × τ∨r ⋊ π˜0, µ′1) ◦Aw.
We call C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w) the local coefficient. By the the same argument as the
proof of [15, Lemma B.2], we see that the Langlands quotient π˜ is µ′1-generic if and only if the absolute value
of C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w) is finite.
When r = 1 and π˜0 is w
′
1-generic, Szpruch [43] defined a gamma factor γ
Sh(s1, τ1 × π˜0, ψ) by
γSh(s1, τ1 × π˜0, ψ) =
C
S˜p(W2n)
ψ (s1, τ1 ⋊ π˜0, wn)
C
S˜p(W2n1 )
ψ (s1, τ1, wn1)
for some element wn ∈ Sp(W2n) and wn1 ∈ Sp(W2n1 ). By [43, Theorem A], it satisfies fundamental properties
which include multiplicativity.
We start to prove Theorem 3.11. First, suppose that π˜ is µ′1-generic. We need a following formula for the
local coefficient in terms of gamma factors.
Lemma B.1. Suppose that the Langlands quotient π˜ is µ′1-generic. Then there exists an invertible function
c(s1, . . . , sr) such that
C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w)
= c(s1, . . . , sr)
r∏
i=1
γSh(si, τi × π˜0, ψ)γ(2si, τi, Sym
2, ψ)
γ(si +
1
2 , τi, ψ)
∏
i<j
γ(si + sj , τi × τj , ψ)γ(si − sj , τi × τ∨j , ψ).
Proof. Note that if π˜ is µ′1-generic, then so is π˜0. This is Rodier’s result for linear groups (see [11, Corollary
1.7]), which is extended by Banks [7] to a non-algebraic setting. When r = 1, Lemma follows from the
definition of γSh(s, τ × π˜0, ψ) and [43, Theorem B]. In general, Lemma follows from a standard argument
similar to [38, Theorem 2.1.1, Proposition 3.2.1]. 
Moreover, if we set φ0 = Lψ(π˜0) and we denote the representation of WDF corresponding to τi by φi, we
have
γSh(si, τi × π˜0, ψ) = γ(si, φi × φ0, ψ)
up to an invertible function. This follows from [24, Proposition 4.5] and [2]. Therefore, the absolute value of
C
S˜p(W2n)
ψ ((s1, . . . , sr), τ1 × · · · × τr ⋊ π˜0, w) is finite if and only if the absolute value of
r∏
i=1
γ(si, φi × φ0, ψ)γ(2si, φi, Sym
2, ψ)
γ(si +
1
2 , φi, ψ)
∏
i<j
γ(si + sj , φi × φj , ψ)γ(si − sj , φi × φ∨j , ψ).
This implies that L(s, φ,Ad)/L(s− 1/2, φ) is regular at s = 1.
Next, we show the converse.
Lemma B.2. Set φ′ = φ− (φ1| · |s1F ⊕ φ∨1 | · |−s1F ). If L(s, φ,Ad)/L(s− 1/2, φ) is regular at s = 1, then so is
L(s, φ′,Ad)/L(s− 1/2, φ′).
Proof. Let Sd be the irreducible representation of SL2(C) of dimension d. The lemma follows from the
definition of the L-function together with the equation
L(s, Sd, Sym
2) =
∏
0≤k≤d−1
k is even
ζF (s+ d− 1− k),
where ζF (s) is the zeta function associated to F . 
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Suppose that π˜0 is µ
′
1-generic. By induction on r, we shall show that if L(s, φ,Ad)/L(s− 1/2, φ) is regular
at s = 1, then the Langlands quotient π˜ is µ′1-generic. We may assume that r > 0. Let π˜
′ be the Langlands
quotient of the standard module
Ind
S˜p(W ′)
Q˜′
(τ2| det |s2F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0),
where W ′ =W2(n−n1). Then π˜ is the unique irreducible quotient of
Ind
S˜p(W )
Q˜1
(τ1| det |s1F ⊗ π˜′),
where Q1 is a suitable maximal parabolic subgroup of Sp(W ). By Lemma B.2 and the induction hypothesis,
we see that π˜′ is µ′1-generic. Hence we can consider the local coefficient C
S˜p(W2n)
ψ (s, τ1⋊ π˜
′, w). Since Q1 is a
maximal parabolic subgroup, by the definition of gamma factors and multiplicativity, C
S˜p(W2n)
ψ (s, τ1 ⋊ π˜
′, w)
can be expressed as in Lemma B.1. Since L(s, φ,Ad)/L(s− 1/2, φ) is regular at s = 1, the absolute value of
C
S˜p(W2n)
ψ (s, τ1 ⋊ π˜
′, w) must be finite. Therefore, we conclude that π˜ is µ′1-generic.
B.2. Proof of Theorem 3.13. In this subsection, we prove Theorem 3.13. Let
π˜ = Ind
S˜p(W )
Q˜
(τ1| det |s1F ⊗ · · · ⊗ τr| det |srF ⊗ π˜0)
be a standard module, where
• W =W2n and W0 =W2n0 are symplectic spaces of dimension 2n and 2n0, respectively;
• Q˜ is the parabolic subgroup of S˜p(W ) with the Levi subgroup isomorphic to G˜Ln1(F )×{±1} · · ·×{±1}
G˜Lnr (F )×{±1} S˜p(W0);
• τi is an irreducible discrete series representation of G˜Lni(F );
• si is a real number such that s1 ≥ · · · ≥ sr > 0;
• π˜0 is an irreducible tempered representation of S˜p(W0).
We denote the image of the unique irreducible quotient of π˜ under Lψ by φ. Suppose that φ is generic, i.e.,
the adjoint L-function L(s, φ,Ad) is regular at s = 1.
By a similar argument to the proof of [4, Proposition 5.2, Corollary 5.3], the following key property can
be proven by using Kudla’s filtration of the Jacquet module of the Weil representation.
Lemma B.3. Assume that for any positive integer d, if τi ∼= Std is the Steinberg representation of GLd(F ),
then si 6= d/2. For i = r, r − 1, . . . , 1, we inductively choose π˜i ∈ Irr(S˜p(W2(n0+kr+···+ki))) so that
• π˜r is an irreducible subrepresentation of IndS˜p(W2(n0+kr))
Q˜r
(τr | det |srF ⊠ π˜0);
• π˜i is an irreducible subrepresentation of IndS˜p(W2(n0+kr+···+ki))
Q˜i
(τi| det |siF ⊠ π˜i+1) for i = 1, . . . , r − 1,
where Q˜i is a maximal parabolic subgroup of Sp(W2(n0+kr+···+ki)) with the Levi subgroup isomorphic to
G˜Lni(F ) ×{±1} S˜p(W2(n0+nr+···+ni+1)). Then π˜1 is an irreducible subrepresentation of the standard module
π˜. Moreover, if the theta lift θψ(π˜1) to SO(V
•
2n0+1) is nonzero, then
Ind
SO(V •2n+1)
P◦ (τ
∨
1 | det |−s1F ⊠ · · ·⊠ τ∨r | det |−srF ⊠ θψ(π˜0))։ θψ(π˜1).
where P ◦ is a parabolic subgroup of SO(V •2n+1) with the Levi subgroup isomorphic to GLn1(F )×· · ·×GLnr (F )×
SO(V •2n0+1).
Proof. By the exactness of the induced functor, we see that π1 is an irreducible subrepresentation of the
standard module π˜.
By a similar argument to [4, Proposition 5.2, Corollary 5.3] using the assumption on si and τi, we see that
Ind
SO(V •2n+1)
P◦1
(τ∨1 | det |−s1F ⊠Θψ(π˜2))։ Θψ(π˜1),
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where P ◦1 is a suitable maximal parabolic subgroup of SO(V
•
2n+1). By induction on r and the exactness of
the induced functor, we conclude that
Ind
SO(V •2n+1)
P◦ (τ
∨
1 | det |−s1F ⊠ · · ·⊠ τ∨r | det |−srF ⊠Θψ(π˜0))։ Θψ(π˜1)։ θψ(π˜1).
Since π˜0 is tempered, by [16, Theorem 8.1], we have Θψ(π˜0) = θψ(π˜0). We obtain the lemma. 
Proof of Theorem 3.13. We continue the same notation. For a positive integer d, the symmetric square
L-function
L(s, S∨d | · |−2d/2F , Sym2) =
∏
0≤k≤d−1
k is even
ζF (s− 1− k)
has a pole at s = 1. Hence if φ is generic, then it satisfies the assumption in Lemma B.3, and we have
Ind
SO(V •2n+1)
P◦ (τ
∨
1 | det |−s1F ⊠ · · ·⊠ τ∨r | det |−srF ⊠ θψ(π˜0))։ θψ(π˜1).
However, by [35, p. 40 The´ore`me (i)], the standard module in the left hand side is irreducible. Moreover, by
by [16, Theorem 8.1], it is isomorphic to the theta lift of the Langlands quotient of π˜. Since theta lifts are
injective, we conclude that π1 is isomorphic to the Langlands quotient of π˜. However, since the Langlands
quotient appears in the standard module with multiplicity one ([6, Corollary 4.4, Remark 4.5]), the standard
module π˜ must be irreducible. 
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